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Abstract. The paper studies the modular representation theory of the cyclo- 
tomic Hccke algebras of type G(r,p,n) with (e, q)-separated parameters. We 
show that the decomposition numbers of these algebras are completely deter- 
mined by the decomposition matrices of related cyclotomic Hecke algebras of 
type G(s, l,r7i), where 1 < s < r and 1 < m < n. Furthermore, the proof 
gives an explicit algorithm for computing these decomposition numbers. Con- 
sequently, in principle, the decomposition matrices of these algebras are now 
known in characteristic zero. 

In proving these results, we develop a Specht module theory for these alge- 
bras, explicitly construct their simple modules and introduce and study ana- 
logues of the cyclotomic Schur algebras of type G(r, p, n) when the parameters 
are (e, (j)-separated. 

The main results of the paper rest upon two Morita equivalences: the first 
reduces the calculation of all decomposition numbers to the case of the l- 
splittable decomposition numbers and the second Morita equivalence allows us 
to compute these decomposition numbers using an analogue of the cyclotomic 
Schur algebras for the Hecke algebras of type G(r,p,n). 
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1. Introduction 

The cyclotomic Hccke algebras [6] are an important class of algebras which arise 
in the representation theory of finite reductive groups. These algebras can be de- 
fined using generators and relations and they are deformations of the group algebras 
of the complex reflection groups. The cyclotomic Hccke algebras can also be con- 
structed using the monodromy representation of the associated braid groups [7] and, 
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in characteristic zero, they are closely connected with category O for the rational 
Cherednik algebras by the Knizhnik-Zamolodchikov functor [19]. 

This paper is concerned with the representation theory of the cyclotomic Hecke 
algebras Jtf r ,p,n of type G(r, p, n), where r = pd, p > 1 and n > 3. Throughout we 
work over a field K which contains a primitive pth root of unity e. The algebra 
J^r,p,n depends upon the parameters q G K and Q = (Qi, . . . ,Qd) S K d (see 
Definition 2.2). The d-tuple of parameters Q is (e, g)-separated over K if 

(i-i) n n n (^-ev^o. 

l<i,j<d -n<k<n l<t<p 

As we explain in Lemma 2.6, (e, g)-separation is almost the same as assuming that 
(e) H {q) =1. This can be viewed as the quantum analogue of the common assump- 
tion in Clifford theory that the characteristic of the field should not divide the index 
of the normal subgroup inside the parent group. In general, the algebra Jt? r .p.n is 
not scmisimplc when Q is (e, g)-separated. 

The main result of this paper is the following. 

Theorem A. Suppose that K is afield of characteristic zero and that Q is (e,q)- 
separated over K . Then the decomposition matrix of Mi-^n is determined by the 
decomposition matrices of the cyclotomic Hecke algebras of type G(s, 1, to), where 
1 < s < r and l < m < n. 

In proving this result we also obtain an analogous but slightly weaker result for 
the decomposition numbers of J4? r ,p,n in positive characteristic. Moreover, when 
combined with the results of [25], Theorem A gives an explicit algorithm for com- 
puting the decomposition numbers of J4? r .p,n in terms of the decomposition matrices 
of related Hecke algebras of type G(s, l,m). Ariki [3] has determined the decom- 
position numbers of the Hecke algebras Jrf? r ,n = J%r,i,n of type G(r, l,n) when he, 
famously, proved and generalised the LLT conjecture. Hence, combining [3] and 
Theorem A implies the following. 

Corollary. Suppose that K is a field of characteristic zero and that Q is (e,q)- 
separated over K . Then the decomposition matrix of J^ r ,p,n is, in principle, known. 

We note that Theorem A and its corollary have been obtained by the first author 
in the special case of the Hecke algebras of type D, when r = p = 2 [24]. This 
paper is a (non-trivial) generalization of the results in [24] to the algebras J^f r . p . n - 

To prove Theorem A it is enough by [25, Theorem B] (sec Theorem 2.4), to 
compute the I— splittable decomposition numbers of the Hecke algebras of type 
G(r,p, n). As is usual in Clifford theory, a decomposition number [S : D] for Jff r ,p,n 
is p-splittable if S and D both have trivial inertia groups; see Definition 1.5 for a 
purely combinatorial definition. 

In Theorem D below we give a closed formula for all of the ^-splittable decompo- 
sition numbers of tP .„. This formula depends on the decomposition numbers of 
certain Hecke algebras J4? s .m = <%?s.i.m, where s < r and m < n, and some scalars 
Qx G K which come from the semisimplc representation theory of J^. m . More 
precisely, Q\ is an lih root of a quotient of two Schur elements. The scalars Q\ 
enter the picture because they can be used to decompose the Specht modules of 
Jffr t n into a direct sum of J^ jPira -modules. 

All of the results in this paper are geared towards computing the ^-splittable de- 
composition numbers of ^. iPin . This requires a considerable amount of preliminary 
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work, much of which takes place inside the algebra J4? r ,n- This story begins with 
the Morita equivalence theorem of Dipper and the second author [12] which shows, 
that modulo some technical assumptions on Q, that there is a Morita equivalence 

(1.2) Mod-J^„ = — ► ff) Mod-J^b, 

Morita V - L/ 

where is the set of compositions of n into p parts and if b = (bi, . . . , b p ) £ 
ffp.n then Jffd.b = tTZd.bx ® ■ ■ ■ <£> J^d,b p - This result is proved by constructing an 
explicit ( J%d,b, ^-,n)-bimodule Vb = ^b=^r,n (Definition 2.12), and showing that 
Vb is projective as an ^..„-modulc and that Jffd.h — End,^ „(Vb). 

In this paper we use the Morita equivalence (1.2) to understand how the Spccht 
modules of Jf? r . n behave under restriction to J4? r ,p,n- One of the key results is 
Theorem 2.31 which shows that there is an invertible central element zy, in J#d,h 
such that eb — z^ 1 ■ Wblb is the idempotent in Jff rtn which generates Vb, where 
Xb = T Wb for a certain permutation £ & n . As a byproduct wc construct a 
parabolic subalgebra of J4? r ,n which is isomorphic to J^d,b and we show that the 
Morita equivalence (1.2) corresponds to induction from these subalgcbras. 

The first aim of this paper is to show that Zb acts as multiplication by an 
invertible scalar fx on certain Specht modules of Jff r ,n- In order to describe these 
results, and how they help prove Theorem A, we need some more notation. Recall 
from [11] that is a cellular algebra with cell modules, the Specht modules 

5(A), indexed by the r-multipartitions A = (A^, A< 2 ), . . . , A^) of n. If J%, n is 
scmisimplc then the Specht modules are a complete set of pairwise non-isomorphic 
irreducible ^. ;Ii -modulcs. More generally, define -D(A) = 5(A)/ rad 5(A), where 
rad5(A) is the radical of the bilinear form on 5(A). Then the non-zero D{\) are a 
complete set of pairwise non-isomorphic ^. >n -modules. 

For each A G ^V, n , we write A = (A [l1 , • • • , A [pl ), where 

(1.3) A [t] = ( A (*-W) iA (*-^) ) ... )X «) i forl<t<p. 

For convenience, set A [t+fcpl = A M , for all teZ. Let b = (6i, . . . , b p ) £ %, n and 
set &> d , h = { A G &>r,n I |A [tl | = b t for 1 < t < p}. Then, by [11], the algebra Jf d . h 
is a cellular algebra with cell modules 5 b (A) = 5(A [1] ) ® ■••(g) 5(A [pI ), for A G &> dtb . 
Again, the modules £>b(A) = 5b (A)/ rad5b(A), for A £ &d.b, are either absolutely 
irreducible or zero. 

Let J- = Q(e, q, Q), where e £ C is a fixed primitive pth root of unity in C 
and q and Q are indeterminates. The cyclotomic Hecke algebras M!^ n and 
over T are semisimple and they come equipped with non-degenerate trace forms Tr 
and Trb, respectively. Define the Schur elements s A and of and J^/i,, 
respectively, are the scalars in J- determined by 

(1-4) Tr= £ ^ and Tr b = £ ±xl 

where \ X an d Xb are the characters of the irreducible Specht modules 5(A) and 5b (A), 
respectively. 

The Schur elements s A and are explicitly known [28] and, as we now explain, 
they are closely related to the scalars f\ which give the action of z\y on the Specht 
modules of J^ r „ . To state this result define oa = min {k> 1 | A [fc+t] = X [t \ for all* G Z}, 
and set p\ = p/o\. Note that oa divides p so that pa is an integer, for all A G S?d.\>- 
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Theorem B. Suppose that Q is (e, q)- separated over K and that A £ 3^d,h- Then 
there exists a non-zero scalar fx € K such that Zb ■ v = f\v, for all v G S(\). 
Moreover, 

fx = (s x /s*)Tr(v h T h ) = £ h^{i- PX )^^ 
where Q\ E K and where (s\/Sx)(s, q, Q) = (s A /s^)(e, Q) is the specialization 
of the rational function 5 x /k\ at (i, q, Q) = (e,<Z, Q) (which is well-defined and 
non-zero) . 

Roughly half of this paper is devoted to proving Theorem B, but the payoff 
is considerable as the scalars fx and gx play a role in everything that follows. 
The three main steps in its proof are Theorem 2.31, which explicitly relates the 
primitive idempotents in and J^/^ un der (1.2); Theorem 2.35, which is a 

comparison theorem relating the trace functions Tr and Tri-,; and, Theorem 3.37, 
which uses shifting homomorphisms, some Clifford theory and seminormal forms to 
show that fx has a pAth root. 

The reason why Theorem B is important is that multiplication by Zb induces an 
J^n-module endomorphism of S(X). We show that the factorisation of fx given 
in Theorem B corresponds to a factorisation of this endomorphism and hence that 
there exists a .^.^^-modulc endomorphism Ox of 5(A) such that 9 V X X is q x x times 
the identity map on 5(A) (Corollary 3.46). This allows us to decompose the Specht 
module as 5(A) = 5j^ © • • • © 5* x , where 

5 t A = 5(A) | 9x(x) = £ t0x Qxx} 

is one of the #A-cigcnspace of 5(A), for 1 < t < px- The module 5* is an ,3^ r ^. n - 
module which is an analogue of a Specht module for J% tPin . 

Next we want to construct the irreducible .y^p^-modules. Let be the head 
of 5*. We will show that is either irreducible or zero. To describe the complete 
set of irreducible ^. jPin -modules let J^ r . n = {A € £? r ^ n \D(\) ^ 0} be the set of 
Kleshchev multipart it ions for Q V£ . Then { D(X) \ D(\) ^ } is a complete set 
of pairwise non-isomorphic irreducible ^^^-modules by [11]. Define an equivalence 
relation ^ a on ^ r>n by A fi if there exists a k G Z such that A' 4 ' = /^* +fe J, for 
1 < t < p and X, fi £ S^r.n- If Q is (s, (^-separated over K, then induces an 
equivalence relation on Jif r . n (cf. Lemma 3.3). Let and Jtf° n be the sets of 

~ CT -equivalence classes in and J^,n, respectively. 

Theorem C. Suppose that Q is ie,q)- separated over the field K. Then: 

a) { | /x € J^rn an d 1 — * — PfJ- } * s a complete set of pairwise non-isomorphic 
absolutely irreducible Jt? r . p . n -modules. Hence, K is a splitting field for Jf? r ,p,n- 

b) The decomposition matrix of J4? r ,p,n is unitriangular. 

The structure of the Specht modules 5* and the simple modules is described 
in more detail in Theorem 3.48 and Theorem 3.50. 

We now have the notation to define the most important ^-splittablc decomposi- 
tion numbers of Jt? r ,p,n- 

Definition 1.5. Suppose that I divides p, A, /it £ &d,b and that 1 < i < px and 
1 < j < Pn- The decomposition number [5* : Dj"] is l-splittable if px = I = Vn- 

By the results in section 4, and the general theory developed in [25], the decom- 
position number [Sf~ : Dj"] is p-splittable if and only if 5* and both have trivial 
inertia groups in the usual sense of Clifford theory. 
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Now suppose that / divides p and let m = p/l. To give an explicit formula for 
the Z-splittablc decomposition numbers of Jt? r ,p,n let V(l) be the I x I Vandermonde 
matrix 

/ 1 L •■• 1 \ 



V(l) 



(l-l)m c 2{l-l)m 



~l(l-l)m 



For 1 < i < I define Vi(l) to be the matrix obtained from V(l) by replacing its ith 
column with the column vector 



d l 



\ 



\A flu 



where d AmMm = [S(A [1] , . . . , A [m] ) : D(/iW, . . . ,/*H)] an d Z t = gcd(i,t). 

Theorem D. Suppose that K is a field, that Q is (e, q)-separated over K and that 
the decomposition number \Sf~ : D?] is l-splittable, for some I dividing p. Then 



^ -^ J= detV(l) 



(mod chari^), 



/or 1 < i,j '• < I = p\ = p^. In particular, the l-splittable decomposition numbers 
of Jf? r ,p,n are known when K is a field of characteristic zero. 

A closed formula for q\ is given in Proposition 3.40 and Remark 3.41, so Theo- 
rem D completely determines the splittable decomposition numbers of J^f r ,p,n ■ 

The main idea underpinning Theorem D is the introduction of a new algebra 
■S^r.p.m which is an analogue of the cyclotomic Schur algebra [11] for ,^ r ,p,n- We 
construct Wcyl modules and simple modules for ,5f r . v . n and then compute the l- 
splittable decomposition numbers of S^r,p,n using the twining characters of J^ r ,p,n- 
The twining characters, which generalize of formal characters, compute the trace 
of certain elements € ^r,p,n on the weight spaces of some J^p^-modules. The 
map "&x is constructed from the endomorphism 9\ mention earlier so, once again, 
i?x comes from action of Zb upon certain J^p^-modules. Finally, Theorem D is 
proved using a considerable amount of Clifford theory and some natural functors 



Mod-J^, p ,„(b) 



Mod-# c 



d.h 



be 1 , 



Morit: 



-> Mod-jC iPj „. 



where the first functor is an analogue of the Schur functor and the second functor 
is the restriction of the Morita equivalence of (1.2) to J^ iP)n . 

Very briefly, the outline of this paper is as follows. Chapter 2 studies the right 
ideals Vt, = i>b^,n- The main results are Lemma 2.25 which shows the existence 
of the central element Zb, Theorem 2.31 which produces a subalgebra of J^ r . n 
isomorphic to Md,hi and Theorem 2.35 which is a comparison theorem for the 
natural trace forms on J^d.h and Jf^.„. In Chapter 3 these results are used to 
compute the scalars fx, for A € 3^ r ,n, which describe the action of Zb on the Specht 
modules 5(A) of M'r^n- This proves the first half of Theorem B. Section 3.4 marks 
the first direct appearance of the algebras J4%-, p , n - Using scminormal forms we 
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factorize the scalars fA in Theorem 3.37, completing the proof of Theorem B. We 
then use the roots of the scalars g\ to decompose the Specht modules as Jrf? r .p.n- 
modules, culminating in Theorem 3.48 and Theorem 3.50 which describe the Specht 
modules and simple modules of Jt? r ,p,n, respectively. This completes the proof of 
Theorem C. Chapter 4 begins by lifting the Morita equivalence (1.2) to a new Morita 
equivalence between Jff r ,p,n and a new algebra S"d in Corollary 4.5. Section 4.2 
introduces and studies the algebras J^p.n, which are analogues of the cyclotomic 
Schur algebras for J^ r ,p,n- Theorem 4.37 computes the Z-splittable decomposition 
numbers of ^ r ,p,n using its twining characters. Applying the functors mentioned 
in the last paragraph we then prove Theorem D and hence complete the proof of 
Theorem A. Finally, in the appendix we prove some technical results whose proofs 
were deferred from Chapter 2. 

Index of notation 



I A 
I B' *B 

A(e,q,Q) 
A 

W 

aVb 

b(z) 



Equivalence relation b ~ b{fc) 
Equivalence relation A ~ X{kob) 
Induction & restriction functors 



EL 



j,\k\<n,l<t<p 



(Qi 



-e q Qj) 

'd. ' A(e,<j,q) J 



chM 

ch\M 

d 

D(X) 

D h (X) 

D x 

A* 

A(A) 

A b (A) 

A A 

i,p 

£ 
S 

<:'b 

<S"d,b 

T 

U 

At) 
i\ 

0a 
H b 



w t,m 

b 
Ox 
&b 
Ox 



5i<j(bi + h bj) 

The concatenation of a and b 

The shift of the sequence b by z 

Compositions of n of length p 

E M (dimM M )e^ 

£ 7 Tr(tf A ,M 7it ) e ^ 

r/p 

Simple module for Jf? r ,n 
Simple module for Md,b 
Simple module for Sd,b 
Simple module for J^ lPl n 
Weyl module for ,5^ r ,n 
Weyl module for 5^d,b 
Weyl module for ,y r , P ,n 
Primitive pth root of unity in K 
Primitive pth root of unity in C 
The idempotent z^ 1 ■ VbTb 
= End J * w 04) 
The field of fractions of A 
The scalar: z h i S (x) = fx ids(A) 



(t:m) 



a factor of f a 



A functor Mod-,^, b - 
The map h M> Y t h 
The map h t-s- Yt, m h 



Mod-.je r , 



— °0,o p (b) 

— 9o,o p (x) 



restricted to M b 
restricted to 5(A) 



9b restricted to M h 

Pb/X 







e b ,e b 

m r 

^^r^p.n 
J(^d,b 

L(X) 

Lb(X) 

r x 

J - / i,p 

o p (b) 

Ob 
OA 

1>X 
Pb/X 

P,,/x 

an 

■s r,n 

& d ,b 
X W 

As) 

Q 

Q VE 
a 



Si 

S(X) 
Sb(X) 

oA 

^lyP 

a a 

^A 

i,b 



Two linear maps ,jPt?d,b — ► J%r,n 
Hecke algebra of type G(r, 1, n) 
Hecke algebra of type G(r,p, n) 

= JtdM (eQ) ® • • • ® JUk.b, (e p Q) 

— <?trd,b ■ e.b = '?Cd,b 

Kleshchev multipartitions in £? r , n 
Kleshchev multipartitions in £?d,b 
Simple module for =5^,™ 
Simple module for ,5?d.b 
Simple module for 5f TtVtn 
Permutation module in Vt> 
= min{z > | b{.z) = b} 

= °p( b ) 
= °pW 

p/o P (X) =p/o x 

Pb/PX = Ox/Ob 

P^/px = o A /o^ 

The set of r-multipartitions of n 
{AG 9> T>n I bi = |A W |,1 < i < d} 



n 



£ 



(Qi, . . . , Qd) 
eQVe 2 QV--- Ve p Q 

!$jr,n ^ Ti i y S ^Ti 

An automorphism of y r , P ,n 

Specht module for J%? r , n 
Specht module for J^d.b 
Specht module for Sd,b 
Specht module for J^ tPt n 
Schur element of 5(A) 
Schur element of 5b (A) 
Cyclotomic Schur algebra for Jif r ,n 
Cyclotomic Schur algebra for Jifd.b 
Cyclotomic Schur algebra for J4? r ,p,n 
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Std(A) 


Standard A-tableaux 




T a ,b 




r (tm 


T {k) 

± a,b 


T w , where w = w^l 




T 


h i ^ T^hTo 

«b(Q) = v+u+ = u b u b 


"'b 


Vb 


(*) 
V b 


«b(e*Q) 


Y t 


v b 


The ideal Ub^,n 


Yt,m 







„(*) 



'-/<■ r.n 



(s a 



+b+k-l 

<br 2 > _ 

(t+l,t+p-l) 



m — 1 



• Sfc+1 ) 
(b}> 

Tb t ,n — b t 
■ Yt( m -l) + l 



Central element of Jtfd.b 
2. HECKE ALGEBRAS OF TYPE G(r, l,n) AND THE CENTRAL ELEMENTS Z b 

The main objects studied in this paper arc the Hccke algebras of type G(r,p, n), 
where r = pd for some d € N. These algebras arc deformations of the group rings 
of the corresponding complex reflection groups of type G(r,p,n). 

The complex reflection groups of type G{r, l,n) are the groups (Z/rZ) I & n , 
where & n is the symmetric group on {1, 2, . . . , n}. The group of type G(pd,p, n) is 
a normal subgroup of (Z/pcK) I 6 n of index p which is fixed by an automorphism 
of G(pd, l,n). Similarly, if n > 3 then the Hecke algebra of type G(pd,p, n) can be 
defined as the fixed point subalgcbra of an automorphism of the Hecke algebra of 
type G(pd, l,n). 

In this chapter we define the Hecke algebras of types G(r,l,n) and G(r,p,n) 
and begin to set up the machinery that we need in order to prove Theorem B. The 
highlights of this chapter are Lemma 2.25, which proves the existence of the central 
elements Zb from Theorem B, and Theorems 2.31 and 2.35 which, in Chapter 3, 
will allow us to compute the scalars fx and Q\ in Theorem B. 

2.1. Cyclotomic Hecke algebras. We begin by defining the Hecke algebras Jf? r ,n 
and Jrf? r ,p,n from the introduction and recalling the machinery that we need from [25]. 

Throughout this paper we fix positive integers n,r,p and d such that n > 3, 
p > 1 and r = pd. Let R be a commutative ring which contains a primitive pth 
root of unity e. 

Suppose that q,Qi,...,Q r are invertible elements of K. The Ariki-Koike 
algebra ,^f r R n (q 1 Q\, . . . , Q r ) is the unital associative i?-algebra with generators 
Tq, Tx, . . . , T„_i and relations 



(T -Q 1 )...{T -Q r ) = 0, 
(T i -q)(T i + l) = 0, 

ToTrToTi = TrToTxTo, 

rri rri rri rri rri rri 

J-i+l-Li-Li+l — li-Li+l-Li, 



for 1 < i < n — 1, 



TT- — T-T- 



for 1 < i < n - 2, 
for < i < j - 1 < n - 2. 

To define the Hecke algebras of type G(r,p, n) we fix Q = (Qi, . . . , Qd) e K d 
and replace the (Qi, ■ ■ ■ , Q r ) in the above definition by Q Ve , where 

(2.1) Q Vs =eQVe 2 QV---Ve p Q = (eQ 1 ,...,eQ d ,...,e p Q 1 ,...,e p Q d ). 

We set Jl? r R n (Q Ve ) := -J^ r R n {q, Q Ve ). Then the relation for T in ^,„(Q V£ ) can be 
written as (Tq — Q\) . . . (Tq — Q p d ) = 0. When R and q, Qi, . . . , Qd are understood 
we write J4°r : n = J^ r ,n(Q, V£ )- 



Definition 2.2. The cyclotomic Hecke algebra of type G(r,p, n) is the subalge- 
bra M'r^p.n = =^r,p,n(Q) o/=^.,n(Q Ve ) generated by the elements Tq, T u = Tq~ TiTo 
and 1\. ,T„_i. 



8 



JUN HU AND ANDREW MATHAS 



In this paper we are interested in understanding the decomposition matrices of 
the algebras j^ !Pi „. Although this will not be apparent for quite some time, we 
have chosen the ordering of the 'cyclotomic parameters' eQ V e 2 Q V ■ ■ • V e p Q in 
order to ensure that the labelling of the irreducible modules for and ■j^ > r . p . n 

are compatible in the sense of Theorem C. 

The algebra M^^n comes equipped with two automorphisms a and r which are 
useful when studying J4? r , P ,n ■ Let be the unique automorphism of j^ t „ such that 

(2.3) cr(T ) = eT and a^) = T u for 1 < i < n, 

and define r by r(h) = T ~ 1 hTo, for h £ J^ r ,n- It is straightforward to check that 
•ffir,p,n = { h £ Jt? r ,n \ o~(h) = h } is the set of cr-fixed points in 3f r ,n and that r 
restricts to an automorphism of J%- lP , n - Moreover, a is an automorphism of Jt%- n 
of order p and r is an automorphism of Jt?r iP , n with the property that t p is an inner 
automorphism of J^ r , P ,n- 

Fix a modular system (F,0,K) "with parameters" for <%%- p>n . That is, fix 
an algebraically closed field F of characteristic zero, a discrete valuation ring O 
with maximal ideal n and with residue field A = O/n, together with parameters 
q, Qi, . . . , Qd £ O x such that q = q + n and Qi = Qi + n for each i. Let ^„ = 
Jt? r F p „(Q) be the Hecke algebra of type G(r,p, n) over F with parameters q and Q = 
(Qi, . . . , Qd) and similarly let J^ r ° pn = ^, P , n {Q) and write ^ r K p ^ n = ^, P ,n(Q). 
We assume that J^ r F PtTl is semisimple. By Lemma 2.7 below, 3P F p ^ n = ^^ pn ®o F 
and J^ r K p „ = „ <8>e> A'. Hence, by choosing O-lattices we can talk of modular 
reduction from Jf? r F pn -Mod to j£^ n -Mod. 

The automorphisms a and t commute with modular reduction. Hence, we have 
compatible automorphisms a and r on Jf? r n and on j4? r „. 

Let R £ {A, A} and let M be an M™ >n -module. Then we define a new J^ r ^, tn - 
module M T by "twisting" the action of ^ r R p „ using the automorphism r. Explicitly, 
M T — M as a vector space and the „-action on M T is defined by 

m ■ h = mr(/i), for all m £ M and /i € „■ 

If M is an .y^p^-module then AI = A/ rP because r p is an inner automorphism 
of J4? r ,p,n- Therefore, there is a natural action of the cyclic group Z/pZ on the set 
of isomorphism classes of Jrff/p ^-modules. The inertia group of M is the group 

hi = {k\0 < k <p,M = M T " } , 

which we consider as a subgroup of Z/pZ. 

Suppose that S is an irreducible J4%. F pn -module and let Sk be ^.^ n -modulc 
obtained from S by modular reduction. Let D be an irreducible ^-module. 
By [25, Corollary 5.6], the decomposition number [Sk ■ D] is p-splittable in the 
sense of Definition 2.2 if and only if Is = {0} = Id- 

If a £ A then the g-orbit of a is the set { q b a | b £ Z}. Similarly, the (s,q)- 
orbit of a is{ e a q b a | a, b £ Z }. 

One of the main results of [25] is the following. 

Theorem 2.4 (( [25, Theorem B])). The decomposition numbers of the cyclo- 
tomic Hecke algebras of type G{r,p,n) are completely determined by the l-splittable 
decomposition numbers of certain cyclotomic Hecke algebras Jrf? s ,l,m(Q,'), where I 
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divides p, 1 < s < r, I < m < n and where the parameters Q' are contained in a 
single (e, q)-orbit. 

Hence, to prove Theorem A it is enough to compute all of the p-splittable de- 
composition numbers of J^ r ,p,n and to show that they are determined by the de- 
composition numbers of Heckc algebras of type G(s,l,m), where s > 1 divides r 
and 1 < m < n. 

To compute the p-splittablc decomposition numbers of J^f r . p . n we make extensive 
use of the following result which is a more precise statement of (1-2). 

Theorem 2.5 (( [12.25])). Suppose that (Qx,...,Q r ) = Q x V • • • V Q 7 , where 
Qi G Qq o-rid Qj G Q^j are in the same q-orbit only if a = f3. Let d a = |Q Q |> for 
1 < a < 7. Then J^f r . n (q, Q) is Morita equivalent to the algebra 

&d u bi (q, Qi) <8 " " " ® J?d,,b,(q, Q 7 ). 

fciH \-bj=n 

Recall from (1.1) that Q is (e, g)-separated if 

n n n (q^vq^o. 

l<i J<d -n<k<n l<t<p 

To prove our main results we apply Theorem 2.5 to the decomposition Q V£ = eQ V 
e 2 QV- • -Ve p Q. This will allow us to understand the Specht modules S(\) of Jf? r ,n in 
terms of the Specht modules of the algebras J^k,h = =^d,f>i (eQ) <& • ■ ■ ® ^d,b p (e p Q)- 
The main benefit in doing this is that because of our ordering on the parameters 
in Q V£ it is easier to understand the action of the automorphisms a on J%d,\>- 
modules and this gives us a way to understand the action of a on S(X). In turn, 
this will allow to decompose the restriction of <S'(A) to Jt? r ,p,n- 

When using Clifford theory to understand the representation theory of the group 
G(r,p,n) in terms of the representation theory of G{r, l,n) it is natural to assume 
that the characteristic of the field does not divide p, which is the index of G(r,p, n) 
in G(r, l,n). As the following results indicates, (e, q)-separation can be viewed as 
a quantum analogue of this condition. 

Lemma 2.6. Suppose that Q £ K d and R = K is a field. Then: 

a) Suppose that Q is (e, q)- separated over K. Then 

n n (i-ev^o. 

In particular, (e) f~l (q) = {1} if q k = 1 for some 1 < k < n. 

b) Suppose that (e) PI (q) = {1} and that Q is contained in a single q-orbit. 
Then Q is (e, q) -separated over K. 

Proof. Part (a) follows by looking at the terms in the product corresponding to i = j 
in (1.1). For (b) observe that if (e) n (q) = {1} then e t q k 7^ 1 if t 7^ p. Since Q is 
contained in a single g-orbit this implies the result. □ 

2.2. Jucys-Murphy elements and a basis for ,3^ r , n . In order to define a basis 
for J^ rtn let & n be the symmetric group on n letters and let Si = (i, i + 1) G & n 
be a simple transposition, for 1 < i < n. Then {si, . . . , s n -i} are the standard 
Coxeter generators of the symmetric group & n . Let £:&„ — > N be the length 
function on & n , so that £(w) = k if k is minimal such that w = . . . Si k , where 
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1 < ii, . . . , ik < n. As the type A braid relations hold in Jif r ^ n for each w £ & n there 
is a well-defined element T w £ Jt? r ,n, where T w = Ti 1 . . . Ti k whenever w — . . . Si k 
and k — t{w). 

Set L\ = Tq and L k+ \ = q~ 1 T k L k T kl for k = 1, . . . ,n — l. These elements Li are 
the Jucys-Murphy elements of J4? r ^ n and they generate a commutative subalgebra 

Of .TL ' 

Lemma 2.7. a) [4, Theorem 3.10] The algebra J^f r ,n is free as an R-module 
with basis { L^ 1 . . . L^ n T w | < aj < r and w £ ©„ }. 
b) [2, Proposition 1.6] The algebra J4? r ,p,n is free as an R-module with basis 
{ L^ 1 . . . L%"T W | < aj < r, a\ + ■ ■ ■ + a n = (mod p) and w £ & n }. 

Inspecting the relations, there is a unique anti-isomorphism * of ^f r>n which fixes 
each of the generators T , T 1; . . . , T n _i of J4? r .n- We have T* = T w -i and L* k = L k , 
for 1 < k < n. 

We will use the following well-known properties of the Jucys-Murphy elements 
without mention. 

Lemma 2.8 ((cf. [4, Lemma 3.3])). Suppose that 1 < i < n and 1 < k < n. Then 

a) Ti and L k commute if i ^ k,k — 1. 

b) T k commutes with L k L k+ \ and L k + L k+ ±. 

c) T fc L fc = L k+ i{T k - q + 1) and T k L k+1 = L k T k + (q - l)L k+1 . 



For integers k and s, with 1 < k < n and 1 < s < p, set 

d 

,<» _ 

i=l 

More generally, if 1 < I < m < n and 1 < i,j < p then set 

l<k<m l<k<m t—1 

where ={i,i + l,.. .,j}, if i < j, and I v] = {1, 2 . . . ,j, i, i + 1, . . . ,p} if i > j. 

A key property of the Jucys-Murphy elements of Jif r ^ n is that Ti commutes with 
any polynomial in L\, . . . , L n which is symmetric with respect to Li and ij+i. In 
particular, any symmetric polynomial in L\,... ,L n is central in J4? r ,n- Hence, we 
have the following. 

Lemma 2.9. Suppose that 1 < I < m < n and 1 <t < p. Then 
T4% = tflTi and L.cfl = C^Lj, 
for all i,j such that 1 < i < n, 1 < j < n and i ^ I — l,m. 

Throughout this paper we will need some special permutations. For non-negative 
integers a, b with < a + b < n we set w a .b = (s a +b-i ■ ■ -Si) ■ (In particular, 
w a .o = 1 = wo, 6-) If wc write w a .b £ & a +b as a permutation in two-line notation 
then 

, . (I ■■■ a a + 1 ■■■ a + b \ 

( 2 - 10 ) ^ fc= U+l ••• a + b 1 ••• b )■ 
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For simplicity, we write T a ,b = T Wa b . Similarly, if k is a non-negative integer such 
that 0<a + 6 + fc<n then we set = (s a +b+k-i ■ ■ ■ Sk+i) b - Then w a ,b = w f\ 
and, abusing notation slightly, we write = T w (k). 
The following result is easily checked. 

Lemma 2.11. Suppose that a, b and c are non-negative integers such that a+b+c < 
n. Then w a .b+c = Wa,bWal; and w a +b,c = w^Wa^, with the lengths adding. Conse- 
quently, T a: b+c = Ta :b T ( i b l and T a+b , c = T b {a }T a>c . Moreover, T<T a ^ = r^T (i)w ( > 
if I < i < n and i ^ a + c. 

2.3. The elements Vb and u b * . As remarked in the introduction, all of the results 
in this paper rely on the Morita equivalence of Theorem 2.5. This equivalence 
is induced by certain (J?d,b, ^.,n)-bimodulcs Vb = fb^r.n- In this section we 
define these modules and, in Proposition 2.13, give one of the key properties of the 
elements Vb- 

Recall from the introduction that ^ p ^ n is the set of compositions of n into p 
parts. Thus, b £ ^p.„ if and only if b = (b\, . . . , b p ), b\ + ■ ■ ■ + b p = n and bi > 0, 
for all i. Finally, if b £ %,, n an d i and j arc integers then we set b^ = &* + ■■■ + bj 
if i < j and b\ = if i > j. 

The following elements of Jrf? r ,n were introduced in [25, Definition 2.4]. They 
play an important role throughout this paper. 

Definition 2.12. Suppose that b <G Let 

(n\ - r^'P-^T A 1 ^- 2 ^ />(M) T ~(2) -(3) r { P ) 

Wb(,t4j - L hbp i 5p)b? -i^ 1)6p _ 1 1 bp _ 1 ,bf- 2 ■ ■ ■ L i,b 2 J 6 2l b;^i ib ;' L i I bf ■ • • S.bf- 1 

We write Vb = «b(Q) and f or t £ Z set = i>b(e*Q)- 
Set Vt, = VbJif r ^ n and, more generally, let = v^Jif riTl . 

The clement Vb can be written in many different (and useful) ways. The proof 
of the next result requires several long and uninspiring calculations, so we refer the 
reader to Proposition A3 in the appendix for the proof. 

Proposition 2.13. Suppose that b £ c € p . n and 1 < j <p. Then 

«*= n 4!&^ libr n 4V n 4V n ^.^sl 

j<k<p l<i<j I<^j 

where all products are read from left to right with decreasing values of i and k. 
Corollary 2.14. Suppose that b £ c & p ^ n and t £ Z. Then vj® £ C 1 ^^ J%? r , n . 

Proof. It is enough to consider the case when t = and = Vb- In this case the 
result follows by taking j = p in Proposition 2.13. □ 

For t = l,...,p, let Y t = £^ 1, * +p ~ 1) T 6ti „_;, t . If a = (a l7 a 2 , ■ . ■ ,a m ) is any 
sequence then set a(fc) = (a^+i, a&+2, • ■ • , afc+m), where ai+jm := a% for j £ Z. 

Corollary 2.15. Suppose that b € ^p.„ and 1 < t < p. Then 

ItV b(t-i) — v b(t) x t ■ 
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Proof. It is enough to consider the case t = 1. Taking j = 2 in Proposition 2.13, 

• (p) 



y„ _ A2,p) T r (2,p-l) T r (2,2) T -(3) -(p) 



X A 'l,bf-'b|,6i^l,6 1 
^ U b(l) J bf,6ii'l,6 1 i 

as required. □ 

The point of Corollary 2.15 is that left multiplication by Y t defines an J% n - 
module homomorphism from V^/ t _j\ = u b(t-i) t ^v" ^° ^b(t) = u b(t) t ^v" 

Definition 2.16. Suppose that 1 < t < p and b 6 ■ TTiera #J is f/ie J%.^ n -module 
homomorphism 

for all x G ^(7-1) ■ 

Since Vb = ' composing the maps d' p a ■ ■ ■ o 8'^ gives an J^„-module endo- 
morphism of VbJ^ r ,n- We need another description of this map. 

Proposition 2.17. Suppose that b G 'tfpn- Then Y v Y v -\ . . . Y2Y1 = VbTb- 

This result is proved in the appendix as Proposition A4. 

2.4. The central element z^. The aim of this section is to prove the existence 
of the central element z\> which appears in Theorem B. We start by studying the 
elements ^^b(7-i}' Generalising (2.10), for b G ^ p ,„ set 

<br 2 } <bf" 3 ) (b}> 
6 p _i,bp & P -2,bp_ 1 f) 2 ,b5 °i. D 2 

In two-line notation, Wb is the permutation 

1 ... b} bi + 1 ... h\ b? + l ... b? _1 + l ... K 



bf + 1 ... b? bf + 1 ... hi b p 4 + l ... 1 ... bf, 

Note that 61 = h\, b p = h p and n = bf . Also, if b = (a, 6) then % = w a > 
For convenience we set lb = 7 1 u)b . For example, T a j, = T Wa b . 
For any b = (pi, . . . , b p ) G ^, )n we define b' = (o p , . . . , 61). Since w~\ = Wb, a it 

follows that Wb' = w^ 1 . 

Finally, set &b = &b ± x ©6 2 x ' ' ' x ®& P 1 which we consider as a subgroup of 6 n 

in the obvious way. Similarly, Jtf q (&b) is a subalgcbra of Jtf q (& n ) via the natural 

embedding. 

The following important property of Vb was established in [25]. 

Lemma 2.18 ( [25, Proposition 2.5])). Suppose that h G c i v ^ n and 1 < i,j < n, 

with i 7^ /or 1 < £ < p. T/ien 

a) T^b = "b^^-i, and 

b) LjVb = VbL u)w -i. 

Using this fact we can prove the following two results. 
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Lemma 2.19. Suppose that 1 < t < p and let i and j be integers such that 
1 < z , j < 7J, and i ^h l a for a = t — p + l,t — p + 2, . . . , t. Then 

,(*-!) 



Y t v 



b<t-i> 



LAY t n 



(t-i) , 
b(t-iv 



Y t v 



(t-i) 
b(i-i) 
(t-i) 



ifl<i< b t ; 

1 < i < n, 

*/!<.? < h; 



b(t-l) ) lj U) , Wb(t-i)' ' 



if b t + 1 < j < n, 



Proof. For the first equality, if i ^ bt then using Lemmas 2.11 and 2.9 



(t-i) 
b<t-i) 



• i »^'l,bt J-b t ,n-b t u h(t-l) 

-.(t+l.t+p-l)™™ „(*-!) 



'l,bt 

_ £(t+l,t+p-l), 



Mt-i) 



l,bi 



,(*-!) 



Tb t ,n-b t T(i) Wbtn bt V^^ 1 ^ . 

The hrst claim now follows using Lemma 2.18. For the second claim observe that 
by Corollary 2.14(b) there exists an h £ Jtf r .n such that 



L l Y t v b(t-l) - L J v l,b t 



(t+l.t+p-l), _ (t+l,*+p-l) 



_ ^l.fct 



(t+l,t+p-l) 



b t ,n—bt 



>L 



(j)wb t ,n-b t 1 
(t-1) 



XL 



t- L, 0')*"l> t ,»-»i W b(t-1)- 

So the result again follows using Lemma 2.18. 



bt,n-b t ^U)^b t , n ^b t V b{t-l) 



□ 



Lemma 2.20. Suppose that I < t < p and let i and j be integers such that 
1 < i, j < n and i 7^ whenever t — p + 1 < a <t. Then 



T i (Y t ...Y 2 Y 1 v h ) = { 



L 3 (Yt...Y 2 Y lVb ) = { 



(Y t ...Y 2 Y 1 v b )T i+ht - 1 , 

t+biH hbf-2! 

(Y t ...Y 2 Y 1 v h )T i _ hl , 
(Y t . . ■Y 2 Y 1 v b )T (i _ h t )Wbl , 

{Y t ...Y 2 Y 1 v b )L j+h t-i, 

(Y t ... Y 2 Y 1 v b )L j - bt+bl+ ... +bt _ 2 , 

(Y t ...Y 2 Y 1 v h )L j _ H , 

(Y t ... F 2 yiWb)L(j-b*)«; b , ) 



if 1 < i < b t ; 
ifh 



1 < i < b*_i; 



ifK + 1 < i < b\; 
if b* + 1 < i < n; 

ifl<j<b t ; 

ifb t + l<3<b\_ i; 

i/b| + l<i<b*; 
ifb\ + 1 <j <n. 



T^Yt . . . Y 2 Y lVh ) = (Y t ... Y 2 Y lVh )T {l)W{bt ^ 

L 3 (Y t . . . Y 2 Y lVh ) = (Y t ... Y 2 Y lVh )T (j)w(bti M 

In particular, taking t = p, we have 

Ti(Y p . . . Y 2 Y lVh ) = (Y p ... Y 2 Y lVb )T ii)Wbl , 
L 3 (Y p . . . Y 2 Y lVh ) = (Y p ... Y 2 Y lVb )L (j)Wb , . 
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Proof. This can be proved in exactly the same way as Lemma 2.19. Note that the 
final claim also follows from Proposition 2.17 using Lemma 2.11. □ 

The following definition is repeated from (1.1). 

Definition 2.21. Suppose that R is a commutative ring with 1 and set 

A(e,q,Q)= II II II {Qi~^Qi)- 

l<i,j<d —n<k<n l<t<p 

Then Q is (e, q)- separated in R if A(e,q,Q) is invertible in R. 

Observe that, even though our notation does not reflect this, whether or not Q 
is (e, g)-separated also depends on n and the ring R. 

Remark 2.22. When d = 1, the algebra J^ q (&b) can be naturally embedded into 
Jrf?r. n as a subalgcbra; see [22]. In that case, the condition of being (e, g)-separated 
means that nifc|<n i<t< P (l — £ t q k ) is invertible. 

Fix b € <tf Pin and set V b = v b Jt? r , n and J^ d ,b = ^^(eQ) ® ■■ • ® Jt?d.b p (£ p Q)- 
Then an important result from [25] is the following. 

Proposition 2.23 ( [25, Proposition 2.15])). Suppose that b € ffp^n ond that Q is 
{e,q)-separated if d > 1. Then: 

a) ^d,b acts faithfully on V b from the left and End^ „(Vb) — J%d.h- 

b) Vb is projective as an J^f r n -module and ® be ^ Vb is a progenerator for 

To describe the action of J^d,h on Vb given a permutation w = s% x . . . Si h € & n 
and an integer c£ N such that ij+c < n, for 1 < j < k, define = s,i 1+c . . . s; fc + c . 
Then £ & n . Note that this is compatible with our previous definition of w a c \. 

Define 0b to be the 'natural inclusion map' J4?d,b ^r,n- That is, 9b is the 
i?-linear map determined by 

6 b ((Lr- 1 . . .L%*T X1 ) ® (Lf- 1 . . .L a ^T X2 ) ® ■ •• ® {L^ . ..Lll b *T Xp )) 

VI b t bj + l b}+b 2 x 2> \ bj +1 b^ +b p v> 

_ /r a l.l r a l.i>l \ I T a 2,l T a 2,b 2 \ /T a p.l r a P,bp\r r rp rp 

for all xt £ &b t and < aj t t < d, for 1 < t < p and 1 < j < b t , and where 

x' t := x\ 1 , for 1 < t < p. The second equality follows because all of these 
terms commute. Thus, we have x[ = X\ and &h{T Xl ® ■ ■ ■ ® T Xp ) — T w . where 

iii \ (\y^ 

w = x-yx% 1 . . .x p 1 G ©b, for Xt € &b t - We emphasize that 0b is an i?-modulc 
homomorphism but not a ring homomorphism. 

Similarly, define 0b to be the i?-linear map 0b : J^d,b — >^r,n determined by 

b ((X^ . . -C 61 T X1 ) ® (C' 1 . . .L a b l^T X2 ) ® ... ® (L?- . . .l:;^J) 

_ Ct»),,1 j a P,b pr p \ fT a 2,l T a 2,b 2 r r \(T a l,l r a l,l>l T \ 

_ lj a V.^ T a V- b v\ IT 0,2 ' 1 7- "2,69 W 7- I-Ol.kAm rri rp 

- ■■■ L b p I ■ ■ ■ (^bf +1 • • • ^b* A-^bf+l • " " ^bf J- t < J 4' ' ■ ' Jk p' 

where the and atj are as before and := io^ 1 ^ 15 1 = ^^[aib. In 

particular, x^' = a; p and x'/x^' • ■ ■ x' p ' = if b (x\x 2 ■ ■ ■ x p 1 )u>b € ©b'- 
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Given these definitions, the proof of Proposition 2.23(a), that is, of [25, Propo- 
sition 2.15], shows that h £ Jt?d,b acts on Vb as left multiplication by ®b(h). 
Moreover, 

(2.24) Q b (h)v b =v b e b {h), for all h £ ^ >b , 

by Lemma 2.18. Typically, if h £ J4?d.b then we write h ■ v b = 6b(^)^b in what 
follows. Thus, 

ft. • VJ, = Wb^bC 1 ), f° r all ^ € o^d t,, 

for h £ J^b- 

The following lemma introduces the elements z b . These elements play a central 
role in the proofs of all of our Main Theorems from the introduction. 

Lemma 2.25. Suppose that Q is (e,q) -separated and let b £ %? Pin . Then there 
exists a unique element z b in Jf°d. b such that 

z b -v b = Y v Y p -\ ■ . ■ Y 2 Yiv b = UbSb^b)- 

Moreover, z b belongs to the centre of J4?d,b ■ 

Proof. By Proposition 2.17, left multiplication by Y p ... Y%Y\ defines a homomor- 
phism in End,^» r n (Vb). Therefore, there exists a unique element z b in J#d,b such 
that 

Y p Y p ^i . . .Y 2 Y 1 v h = 6 b (zb)wb = v h <db{zb) 
by Proposition 2.23(a) and (2.24). 

It remains to show that Zb is central in J4?d,b- As J%?d,b acts faithfully on Vb, it is 
enough to show that Q b {zbh)vb = Qb(hzb)vb, for all h £ Ji?d,b- By Lemma 2.18, 

Q b (z h h)v b = e b {zb)&h(h)v b = Q b (z b )v b Q b (h) = Y V ... Y 2 Y 1 v b Q b (h). 
Applying (the last statements in) Lemma 2.20, shows that 

y p ... Y 2 Y lVb e b (h) = e b (h)Y p . . . Y 2 Y lV b, = e b (/j)e b (zbH = Q b (hz b )v b , 

as required. □ 

2.5. A Morita equivalence for J^ r .n- In this section we give a new description of 
the Morita equivalence of Theorem 2.5 which will be useful for proving the first half 
of Theorem B. In particular, in this section we will show that Zb is an invertiblc 
element of J#d,b- 

By Proposition 2.23(b), Vb is a projective J^ n -modulc. Let Jrifr^ih) be the 
smallest two-sided ideal of Jff r ,n which contains Vb = Wb^r,n as a direct sum- 
mand. By [12, Theorem 1.1] the Morita equivalence of Theorem 2.5 is induced by 
equivalences 

H b : Mod-Jifdb — ► Mod-^„(b) 

Morita 

given by E b (X) = X ®,ye db Vb- Hence, by Proposition 2.23(a) and the general 
theory of Morita equivalences (cf. [5, §2.2]), we have the following. 

Lemma 2.26 ((c/. [12, Corollary 4.9])). Suppose that Q is (e, q)- separated in R 
and let X be a right ideal of J#d,b- Then, as right ,¥6^ ^-modules, 

H b (A) = e b {x)v b . 
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We next show that Hb can be realised as induction from a subalgebra of Jff'r^- 
To do this we need to produce a subalgebra of J^-.n which is isomorphic to J4?d,b- 
Before we state this result, given a sequence b = (b\, . . . , b p ) G define 

(2.27) <(Q)=cfl { Cfl v ..C ( fl rl and ^ (Q) = . . . c[ % P /^. 

In the notation of [11, Definition 3.1], ti b (Q) = u+ b , where u>b = (ub' 1 ', ■ • • , Ub' r ') 
is the multipartition 



^ = 



(l ba; ), if s = da for some a, 
(0) , otherwise. 



Hereafter, we write M b = ti b (Q). 

Taking j = 1 and j = p in Proposition 2.13, respectively, we can write v b = 
v^u^ = w b «b where 

+ _ /•(I.P-I)ti r (l,P-2)rp /'(I.I)t-i 

w b — ^1,6^ J 6 p ,b^ 1 ' L l,6 p _ 1 J 6 p _ 1: b^ 2 ' ' ■ -^1,62 J 6 2 ,b} 

and 

"b - i bP,6 p _ 1 i-i,6 p _ 1 ■ ■ • J bf,6 2 ^ l b2 Jbf.bi^l.b! • 

Lemma 2.28. Suppose that Q zs (e, g) -separated in R. Let b € ^ Pirl - TVien Zb * s 
invertible in Ji?d,b- 

Proof. The module Vt, = VbJf° rn is a projective submodule of =^. jn -module by 
Proposition 2.23(b), so Vb = eJff ryn for some idempotent e S Therefore, 
V b = eJf r . n = e 2 J4? r , n C eJfr.neJ'Cn = V b 2 C e^° r ,„ = V b so that V b = V b 2 . 
Therefore, using the formulae for v b given before the Lemma, 



Vb = (Vb) 2 = !)b^-,nVb^r,n = ^ b ( M b ^.n^b ) U b ^r,n 

where the last equality follows by Du and Rui [13, Proposition 3.1(a)]. Lemma 2.9 
shows that Jif q (&b)v^ = w^^(6b'). Hence, 

Vb = v b T b u^v^Jifq(6 h >)J^ r:n C V b T b V h Jf r . n = Z b V h C Vb, 

by Proposition 2.17 and Lemma 2.25. Therefore, Vb = Zb • H, so the endomor- 
phism of Vb given by left multiplication by Zb has a right inverse in Endjsr r „(Vb). 
Consequently, z b has a right inverse in J4?d,b by Proposition 2.23(a). Hence, z b is 
invertible in Ji?d,b since it is central. □ 

Corollary 2.29. Let b 6 ^p,n, A € ^d,b and t £ Z. Suppose that Q is (£,<?)- 
separated over the field K. Then V^/jx = V^*^ 1 ^. 

Proof. It is enough to consider the case where t = 0. By Lemma 2.25 left multipli- 
cation by Y\ induces an J^n-modulc homomorphism from Vb to V^ 1 ^ . This map is 
an isomorphism because left multiplication by Y p . . . Y\ is invertible by Lemma 2.28 
(and Lemma 2.25). □ 

Under the conditions of Lemma 2.28 we can make the following definition. 
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Definition 2.30. Suppose that b <E c € p , n and that Q is (e,q)- separated in R. Let 
c-b = z^ 1 ■ «b7b £ Vb and define 

j&j, = {h-e b \h£ ,ye d \, } = { e h e b (h) I h e m,b } c H- 

Quite surprisingly, is something like a parabolic subalgebra of J%? r ,n- 

Theorem 2.31. Suppose that b £ %? Pl n awrf t/iai Q is (e, q)- separated. Then: 

a) eb is an idempotent in Ji? r ^ n and Vb = e^J^^ . 

b) ^d,b is a unital subalgebra oj ,^C r n with identity element eb- 

c) The map 3%d,b — > J^h.b] h ■ eb is an algebra isomorphism. 

Proof. Suppose that x, y € J^k,b- Then using the definitions, (2.24) and Lemma 2.25 
we have that 

(x ■ e b )(y ■ e b ) = (xz~ 1 • v h T b ){yz h 1 • u b T b ) = xz b 1 • v h T b v b Q h (yz h 1 )T h 
= xz^Zb ■ VhQh(yz b )Th = x ■ VhQbiyz^Th 
= xyz^ 1 ■ v b T h = (xy) ■ e b . 

Taking x = y = 1 ^ d b shows that e b is an idempotent in J4? r ,n- As Jifd.b acts 
faithfully on Vb by Proposition 2.23(a), all of the claims now follow. □ 

Theorem 2.31 says that the natural inclusion map 0b : J%i.b ^r,n is an 
inclusion of algebras when it is composed with left multiplication by eb. Note that, 
in general, the image of 0b is not a subalgebra of J4? r ,n- 

Combining Theorem 2.31 and Lemma 2.26 gives a second description of the 
Morita equivalence Hb- If A is a subalgebra of an algebra B then let ^ A be the 
corresponding induction functor. 

Corollary 2.32. Suppose that Q is (e, q)- separated and that X is a right J%d,b 
module, where b £ ffp^ • Then 

Kb{X) = (X-e b )t§'" =X-e h ®^ J%> r , n . 

2.6. Comparing trace forms on Vb- Theorem 2.31 shows how to realize J#d,b 
as a subalgebra of ,3^f r ,n. The aim of this section is to use this result to prove a 
comparison theorem for the natural trace forms on J£^ n and ^k,b- This is one 
of the key steps in proving Theorem B from the introduction because the Schur 
element s\ from (1.4) can be computed from the trace of the primitive idempotents 
for the Specht module S(X) in the scmisimple case. 

Recall that a trace form on an i?-algebra A is a linear map tr : A — > R such 
that tr(a6) = tr(6a), for all a, 6 € A. The form tr is non-degenerate if whenever 
^ a e A then tr(o6) ^ for some b e A. 

By [27] the Hccke algebras J%d,b and Jt? r ,n are both equipped with 'canonical' 
non-degenerate trace forms Trb and Tr, respectively. The aim of this subsection is 
to compare these two trace forms. More precisely, we show that 

Tr(/i • v h T h ) = Tr b (h) Tr(v b T b ), 

for all h £ ,y^d,b- This result will be used in the next section to compute the 
scalar fx from the introduction. 
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The trace form Tr : M'r.n — > R on Jif r ^ n is the i?-linear map determined by 
(2.33) Tr(L? ...L a n "T x T y ) = 



q^ x \ if a\ = ■ ■ • = a n = and x = y 1 , 
0, otherwise. 



(This equation completely determines Tr by Lemma 2.7.) The trace form TVb 
on Ji?d,b is defined similarly. Comparing these two trace forms requires more tech- 
nical calculations with the elements v b . 

Before Lemma 2.28 we noted that t>b = Vb u b' ^ or some element v£ ■ To compare 
the trace forms Tr and Trb we need a different expression for vt. To state this, 
let be the i?-submodulc of spanned by the elements 

{ T W L\ X . . . L a ^lT 1 1 | < oi, . . . , a m -i < r and w € & m } . 

Note that H^ n is not, in general, a subalgcbra of J^ r .n- 

The proof of the next result is not particularly pretty so we defer it until 
Lemma A6. Recall from Section 2.4 that b' = (b p , . . . , b\) if b = (bi, . . . , b p ). 



Lemma 2.34. Suppose that b € ^, jn . Then 



p-1 b[ +1 d i 



- T b' ( C hLl.n C bLl.n ■ ■ ■ £ b?-'+l,n + ^ H H K™,eL 



m,e- L -'rn, 

1=1 m=b^+l e=1 



for some hi, m , e £ 

Using this result we can prove the promised comparison theorem for Tr and Trb- 
Theorem 2.35. Suppose that b <G ^ p , n - Then 

Tr(ft ■ v b T h ) = Tr b (/i) Tv(v b T b ), 

for all h € J^d,b- 

Proof. By linearity, it is enough to let h run over a basis of J4?d,b- Let 

95b = { Ll 1 - 1 . . . LH M T X1 ® • • • ® L^ 1 . . . L a b P p bp T Xp | < a ht < d and x t € & bt } 

be the basis of Jffd.b from Lemma 2.7. Then it is enough to show that 

Tr(ft ■ v h T h ) = Tr b (ft) Tr(v b T b ), for all ft € Q5 b . 

If ft, = b there is nothing to prove. Therefore, by (2.33) it remains to show 
that Tr(/i • v b T b ) = whenever \je d b 7^ ft € 03b- For the rest of the proof fix such 
an h. Write ft = i" 1 ' 1 . . . L^\ M T Xl ® ■ ■ ■ ® L^ pA . . . I%J bv T Xp , where < a jtt < d 
and Xt € &b t , and set 

ft' = 6 b (ft) = L?' 1 . . . L a b \- bl L^ +1 . . . L a h f> . . . L a £l 1+1 . . . L a h "/"T X , 
where x = xix^ 1 ^ . . . x p hl ^ . 
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Recall from before Lemma 2.28 that v b = v b w b- Therefore, using Lemma 2.34 
and the fact that Tr is a trace form, 

Tr(h ■ v h T h ) = Tv(v b h'T b ) = Tr{v+u+h'T b ) 

p-l b 1 ^ 1 d l 

= Tr{T h ,u b -u+tiT h )+Y J £ J2 ^{T h ,h Um . e L e m u+h'T h ) 

1=1 m=b[ + l e=l 
p-l b'^ 1 d l 

= Tv{v^u+h'T b T b ,) +J2 Tx{L m u+h'T b T b ,hi, m , e ), 

1=1 m=b±+l e=1 

where /i;, m , e £ H m and := ^ b i +1 ^ b 2 +l n ■ ••£ b p-i +1 „■ Fix a tri P le (^ m > e ); 
from the sum, with 1 < I < p, h\ < m < h 1 ^ 1 and 1 < e < dl. By as- 
sumption, L m appears in b! with exponent < a;+i >m ' < d, where m = h{ + 
m! . Therefore, Lf n u^h'T b T b ihi ym:e is a linear combination of terms of the form 
L^ n u h ~fi(L)T w f2{L), where w £ ©„, fi(L) is a a polynomial in L\, . . . ,L n of de- 
gree at most ai+i, m ' < d as a polynomial in L m , and where f2(L) is a polynomial 
in Li, . . . , L m _x. As Tr is a trace form, 

Ti(L e m u+h(L)T w f 2 (L)) = Tr(/ 2 (i) J L>+/ 1 ( J L)T w ). 

Now, considered as a polynomial in L m , f2(L)L m u b ~fi(L) is a polynomial with zero 
constant term (since e > 0) and degree 

< / := e + d(p - I - 1) + Oi+i, m / < d(p - 1) + d = r. 

By the same argument, if m < k < n then appears in f2(L)Lf 1l u^fi(L) with 
exponent at most d{p — l' k — 1) + aj fc +i,fc' < d(p — 1) < r, where fc = b^ -1 + fc' 
and 1 < k' < bi k . If k < m then could appear in f 2 (L)L l f n u h ~fi(L) with 
exponent greater than r — 1, however, by Lemma 2.8 this will not affect the ex- 
ponents of L m , . . . , L n when rewrite this term as a linear combination of Ariki- 
Koike basis elements. Hence, is a left divisor of f2(L)L ( f n u h ~ fi(L) when it 
is written as a linear combination of Ariki-Koike basis elements. Consequently, 
Tt{f 2 {L)L m ulh{L)) = by (2.33). Therefore, Tr(L e m u+h'T b T b >hi, mte ) = so 
that Tt(h ■ v h h'T h ) = Tr{v b h'T b ) = Tr (u b u^h'T b T bl ). 
Now consider Tr(uZuth'T b T b /). By definition, 

u~u +h ' - r(1) r(2) r{p ~ 1] - r(2) r{3) r(p) 



-,-■,,+ h' — r^i r^> r [ - p ~ L > r^> r^> rW) y 

i b u b n - S>}+i,« b?+i,n ■ ••• L bf -i +li „ ' ^l.bj^i.b? ■ "S.bf- 1 " 

11 l,bj 1 bj+l,n 



= 1 

If a; im / 7^ 0, for some I and m', then Lm" 1 ' divides ft.', where m = b^ -1 + m! as 
above. By the argument above uZuth! , when considered as a polynomial in L m , 
is a polynomial with zero constant term and degree strictly less than r. Therefore, 

Tr(h ■ v b T b ) = Tr(u^u^h'T b T b t) = 0, 

as required. It remains, then, to consider the cases when ai. m > = 0, for 1 < I < p 
and 1 < m' < b{. That is, when h! = T x for some 1 ^ i G & b . By (2.33), in this 
case we have 

(2.36) Tv{h • v b T b ) = Tr (u b u+T x T b T b> ) = Tr(u b w+) Tr (T x T b T v ) 
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Recall that Wh is a distinguished coset representative for ©b, so that £(xwb) = 
t{x) +l{wb). Therefore, Tr(T x T h T h ,) = Tr(T XWb T h ,) = by (2.33) since x ^ 1. 
Hence, Tr(h ■ v^T^) = 0, completing the proof. □ 

We can improve on Theorem 2.35 by explicitly computing Tr(ubTb). In fact, 
in proving the theorem we have essentially already done this. To state the result, 
given b G ^ Pin set a(h) = Ym=i e ^. 

Corollary 2.37. Suppose that b S ^p. n - Then 

Tr(v h T h ) = (-l) d "( p - 1 ) 9 ^ ,i ' b )e5™(p- 1 )- d «( b )(Q 1 ...g (; )«(p- 1 ). 
Proof. By (2.36), and (2.33), we have that 

Tr(i! b Tb) = Tr(l^ b ■ v h T h ) = Tr(u^u+) Tr(T b ,T b ) = q 1 ^ Tr(^<). 
Now, Ti(u^u^) is just the constant term of H b tiJ by (2.33). Therefore, 

Tr(v h T h ) = q 1 ^ H ((-ljVQi . . . Q d y 
t=i 

= (— l) Ciri (P~ 1 )^(' !i 'b) e ^™(P^ 1 )^ dQ ( b )(Q 1 . . . Q d ) n{ - P ~ 1 \ 

since b\ + ■ ■ ■ + b p = n. □ 
Remark 2.38. Suppose that b G %>,n- Then it is not difficult to see that 

l<i<j<p 

3. SPECHT MODULES AND SIMPLE MODULES FOR J$? r ,p,n 

In this chapter we will introduce analogues of the Specht modules for Jt? r ,p,n 
and hence construct a complete set of irreducible ^ iPi „-modules. To do this we 
first use the results of the last chapter to prove Theorem B from the introduction. 
The first step is easy as Schur's Lemma easily implies that the element Zb acts on 
the Specht module S(X) of Jt? r ,n as multiplication by a scalar fx (Proposition 3.4). 
Using Theorems 2.31 and 2.35 we then compute fx explicitly in terms of the Schur 
elements of J^°d,h and J4? r ,n (Theorem 3.7). We show that the scalar fx has a p^th 
root and so complete the proof of Theorem B. 

A calculation using seminormal forms and 'shifting homomorphisms' shows that, 
representation theoretically, taking the pAth root of fx corresponds to the existence 
of an Jf rpxn -modu\c endomorphism 8x of S(X) such that 6 P X X is a scalar multiple 
of the identity map on S{\). As an J^. p .„-modulc, the Specht module S(X) then 
decomposes into a direct sum 

*S(A) — S-^ (33 5*2 (33 ■ ■ ■ (33 ^p x 

of eigenspaces for 9x- The modules for 1 < t < p\, play the role of Specht 
modules for 3? r ,p,n- Using some Clifford theory, we show in Theorem 3.50 that 
every irreducible ^. ]Pin -modulc arises as the simple head of some in a unique 
way, up to cyclic shift. These results complete the proof of Theorem C from the 
introduction. 

Section 3.3 marks the real appearance of the Hecke algebras Jf? r ,p,n of type 
G(r,p, n) as, up until now, we have worked exclusively with ^^n-modules. In fact, 



DECOMPOSITION NUMBERS FOR HECKE ALGEBRAS OF TYPE G(r,p,n) 



21 



we do not really start working with Jf r ,p,n until section 3.7 where we construct 
Spccht modules and simples modules for if riP) „. 

3.1. Specht modules for Jfd,h and <fflr,n- The algebras J#d,b and are both 
cellular algebras [11,20] with the cell modules of both algebras being called Specht 
modules. In this section we quickly recall the construction of these modules and 
the relationship between the Specht modules of these algebras. 

First, recall that a partition of n is a sequence A = (Ai,A2,...) of weakly 
decreasing non- negative integers which sum to |A| = n. The conjugate of A is the 
partition A' = (A' 1; A 2 , . . . ), where A- = # { j > 1 | X 3 > i }. 

An r- multipart it ion of n is an ordered r-tuple A = (A^, . . . , A' 1 ")) of partitions 
such that | A^ 1 * 1 1 + • • • + | A^ r ' | = n. Let S? r%n be the set of r-multipartitions of n. The 
partitions X^ are the components of A and we call A a multipartition when r 
is understood. If A = (A' 1 ', . . . , A^) is a multipartition then its conjugate is the 
multipartition A' = (A' 1 '* 1 , . . . , A' 1 ) ). To each multipartition A we also associate a 
Young subgroup &\ = x • • • x G^w of ©„ in the obvious way. 

The diagram of A is the set [A] = { s) | 1 < j < Xf' and 1 < s < r }. A 
A-tableau is a map t : [A] — !• {1,2, ... ,n}, which we think of as a labeling of the 
diagram of A. Thus we write t = (t^, . . . , t^) and we talk of the rows, columns 
and components of t. Let Std(A) be the set of standard A-tableaux. 

By [11, Theorem 3.26], Jt? r ,n is a cellular algebra with a cellular basis of the form 

{ m si | s, t G Std(A), for A e @> r ,n } • 

Hence, the cell modules of Jrff r , n are indexed by S? r ,n and if A E 2P r ,n then the 
corresponding cell module 5(A) has a basis of the form { m t | t G Std(A) }. 

Recall from the introduction that in A € &m is a multipartition then A^ = 
(A ( d t-d+i) )A (dt-d+2) ) _ .. ;A W )j for 1 < i < p. More generally, set A^ = A M , 
for fcez. 

Definition 3.1. a) Suppose that A <E 3? r ,n- Then the Specht module S(X) 

for M'r^n is the cell module indexed by A defined in [11, Definition 3.28]. 
b) Suppose that A £E &d,\>- Then the Specht module for Md,\, is the module 
S h (X) = S{\ [1] )®---®S(\ [p] ). 

We write S R (X) when we want to emphasize that 5(A) is an i?-modulc. We will 
give an explicit construction of these modules in Section 3.4. 

When .yfd,b is scmisimple the modules { 5b (A) | A € Z?d,b } give a complete set of 
pairwise non-isomorphic simple J^b-modules. Similarly, the modules { 5(A) | A <G tP r .n } 
give a complete set of pairwise non-isomorphic simple J^ „-modules when is 
semisimple. 

More generally, by the general theory of cellular algebras [20] , each Specht mod- 
ule 5(A) comes with an associative bilinear form and the radical rad S(X) of this 
form is an J^^-module. Define D(\) = 5(A)/ rad 5(A). A multipartition A e ^ r .n 
is Kleshchev if D(X) + 0. Let J^,„(Q Ve ) = { A <= 3^ r . n \ T)(X) ^ } be the set of 
Klcshchcv multipartitions of n. Then 

{D(X) | AeX, n (Q V£ )} 

is a complete set of pairwise non-isomorphic irreducible ^. jrl -modulcs. Typically 
we write J^ r ,n = ^r,n(Q V£ ) in what follows. 
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If A is an algebra and M is an A-module let Head(M) be the head of M. That is, 
M is the largest semisimple quotient of M. For example, by [11], if A € J^ r ,n then 
D(\) = Hcad(5(A)). If 5 and D are modules for an algebra, with D irreducible, 
let [5 : D] be the multiplicity of D as a composition factor of 5. 

If A and fj, are two multipartitions then A dominates fi, and we write A > /x if 



for 1 < t < r and i > 0. We write A > /i if A > /i and A/(j. The dominance 
partial order on ^"^n is useful because of the following fact. 

Lemma 3.2 (( [11, §3])). Suppose that [5(A) : D(fi)] ^ 0, for A G 5% and 
G J%r,n- Then A > /i. Moreover, if fi G J^, n i/ien [5(/li) : Z) (/Li)] = 1 and 
D(/Lt) = Head5(/x). 

Let J^, b = { A g ^d,b | A [t] G ^, bt (e 4 Q) for 1 < t <p}. If A G let 



Theorem 2.5 and the remarks above imply that { L>b(A) | A G J^d,h } is a complete 
set of pairwise non-isomorphic irreducible J^b-nrodulcs. 

Recall the functor Hb from §2.5. By [12, Proposition 4.11] (see also [25, Propo- 
sition 2.13]), we have the following. 

Lemma 3.3. Suppose that A G &d,b- Then 
a) Hb(5b(A)) = 5(A) as ffl r ^-modules. 



b) Hb(-Db(A)) = D(X) as J^ r ^n -modules. 

c) A = (A [1] , . . . , A [pl ) G JT d , b (Q V£ ) is Kleshchev if and only if\ [t] G J^, 6t (£*Q), 
for 1 < t < p. 

In particular, we can consider 5(A) = Hb (5b(A)) = 5b(A) • Vb to be a submodule 



3.2. The scalar f.\. It follows from Schur's Lemma the central element zy, acts 
on the Specht modules 5(A) as multiplication by a scalar, for A G &d,b- In this 
section we explicitly compute this scalar, thus proving half of Theorem B from the 
introduction. 

We define A = Z[e, q ±x , Qf 1 , ■ . . , Q* 1 , A(i, q, Q) _1 ], where i is a primitive pth 
root of unity in C and q and Q = (Qi, ■ • ■ , Qd) are indeterminates over Z[e]. Let T 
be the field of fractions of A. If Q is (e, g)-scparated over R then R can be considered 
as an A- module by letting e act on R as multiplication by e, q act as multiplication 
by q and Qi act as multiplication by Qi, for 1 < i < d. Therefore, Jff^fa, Q) = 
<^rra(<Z; Q)(8U-R are isomorphic i?-algebras. In particular, Jtf^ = .^^(q, Q)<8)^J-". 
The algebra J^/^ is semisimple by Ariki's semisimplicity criteria [1]. The algebra 
Jff/n is split semisimple because Jff/n is a cellular algebra (and every field is a 
splitting field for a cellular algebra; see [20, Theorem 3.4]). 

Abusing notation, we call the elements of A polynomials and if f(s,q, Q) G A 
then we define f(e, q, Q) = f(i, q, Q) ■ 1r to be the value of f(i, q, Q) at (e, q, Q). 

The scalar fx in the next Proposition plays a key role in the proofs of all of our 
main results, Theorems A-D, from the introduction. 




£>b(A) = 5 b (A)/rad5 b (A) S D(X [1] ) <g> • ■ ■ <g> D(X [p] ). 



of Vb. 
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Proposition 3.4. Suppose that Q is (e,q) -separated in R and that b G ^>,n and 
A 6 ^d.b- TTien i/iere exists a non-zero scalar fx £ R such that 

Zb ■ x = f\x, 

for all x G 5 (A). Moreover, there exists a non-zero polynomial fx = f\(i, q,Q) E A 
such that fx — fx(s,q, Q) £ R- 

Proof. The Specht module 5b (A) is free as an i?-module so, by the remarks above, 
5b(A) = 5 b 4 (A) ®_4 R. Therefore, to show that such a scalar exists it is enough 
to consider the case when R = A. Similarly, since 5^ (A) embeds into S^(X) = 
5j^(A) T we may assume that R = T . By the remarks above, the algebra 
•ffidb is split semisimple and the module (A) is an irreducible Jf^ 7 ^- module, so 
by Schur's Lemma the homomorphism of 5b (A) given by left multiplication by Zb 
is equal to multiplication by some scalar f\. Notice that fx is an element of A 
because Zb • VbTb G J^/^- By specialization, the scalar f x £ R in the statement of 
the Lemma is given by evaluating the polynomial fx (£,</, Q) at (e,q, Q). Finally, 
observe that fx ^ since Zb acts invertibly on Vb by Lemma 2.28. □ 

Wc will determine the scalar f x G i? by computing the polynomial fx in A. In 
fact, we have already done all of the work needed to determine fx- To describe fx 
we only need one definition. 

Abusing notation slightly, let Tr be the trace form on Jtf^ given by (2.33). 
Let x X be the character of 5^ (A), for A G £? r ,n- Then { \ X I A G ^ n } is a 
complete set of pairwise inequivalent irreducible characters for 3^ r n , so it is a basis 
for the space of trace functions on J%^ n . In particular, Tr can be written in a 
unique way as a linear combination of the irreducible characters. Moreover, it is 
easy to see that every character x A must appear in Tr with non-zero coefficient 
because Tr is non-degenerate; see, for example, [16, Example 7.1.3]. Consequently, 
the following definition makes sense. 

Definition 3.5. The Schur elements of Jf?/^ are the scalars s x — s^(£, 3, Q) G 
J 7 , for A G & r ,ni such that 

Tr= £ JL*\ 

For A G S? r ,rt fix Fx a primitive idempotent in such that FxJ^/n = 5 jF (A). 
Using, for example seminormal forms [28, Theorem 2.11], it is easy to see 

that X A (^m) = fo/*) f° r A, /x G & r ,n- Hence, a second characterisation of the Schur 
elements is that 

(3.6) s A = - - . 

Similarly, for each A G S^d.b the trace form Trb determines Schur elements 
sje J for Jff/b- By the remarks above, the Schur elements of J^/y, satisfy 

where i*t>(A) is a primitive idempotent in Jf/^, such that S£ (A) = Fb(X)J(^^. 
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Theorem 3.7. Suppose that b G ^ Pin and that A <G S^d.h- Then 

fA = ^Tr( Ub T b ). 

S A 

Consequently, f A = (-l) n ( r - d ) q i'( w ^ih n (p~ 1 )- da i b )(Q 1 . . . Q d )«(p-i)^.. 

S A 

Proof. To compute f\ we may assume that R = JF and work in Let -Fb(A) be 

a primitive idcmpotent in sucn that Sj^A) = Fi ) (X)J^/ r h . Then F b (A) ■ e b is 
a primitive idcmpotent in Jif/^ such that F b (X) ■ e^Jf^ = 5 -F (A) by Theorem 2.31 
and Lemma 3.3. Therefore, using the remarks above, 

- — = Tr(.F b (A) • e b ) = Tr(z b _1 F b (A) • i> b T b ), since z b is central in b , 

S A 

= ^- Tr(F b (A) • w b T b ), by Proposition 3.4, 

fA 

= v- Tr b (F b (A)) Tr(o b T b ), by Theorem 2.35, 

fA 
1 

= r _ i" Tr ( WbTb )- 

f* S A 

Rearranging this equation gives the first formula for fx- Applying Corollary 2.37 
proves the second. □ 

Remark 3.8. The proof of Theorem 3.7 is deceptively easy: all of the hard work is 
done in proving Theorem 2.31 and Theorem 2.35. 

We want to make the formula for fx more explicit. To do this we recall the elegant 
closed formula for the Schur elements obtained by Chlouveraki and Jacon [8] . Before 
we can state their result we need some notation. First, for A G S^d.h define A to be 
the partition obtained from A by putting all of the parts of A in weakly decreasing 
order. (For example, if A = ((2, l 2 ), (3, 2, 1)) then ~Z = (3, 2 2 , l 3 ).) Next, if A is a 
partition define 

0(A)=5>-i)Ai=x;$)> 

i>l i>l 

where A' = (A' x , A 2 , . . .) is the partition conjugate to A (the second equality is well- 
known and straightforward to check). Given two partitions A and [i and G [A] 
define 

h VJ (A, (i) = Xi - i + fjfj - j + 1, 
which Chlouveraki and Jacon call a generalised hook length. Observe that if 
1 < s < r then s can be written uniquely in the form s = d(p s — 1) + d s , where 
1 < Ps < P an d 1 < d s < d. Then, as in (1.3), A^ is the d s th component of A' Ps '. 
Finally, if s) G [A] and 1 < t < r then set 

After translating their notation to our setting, Chlouveraki and Jacon [8, Theo- 
rem 3.2] show that 

i A = (_l)«(r-l) r /J(t) W _ 1) -n Yl [] (^M)-l)- 

(i,J»£[A] l<t<r 
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There is an analogous formula for = Yit=i ^aM which can be obtained by setting 
p = 1. Using Theorem 3.7, and the equations above, we obtain the following closed 
formula for f\. 

Corollary 3.9. Suppose that b G and that A G £?d,b- Then 

f A = ^m( P -l)-da(b) 4 n,(A) ( Q 1 _ ..Q d )n(p~l) JJ JJ ( S , t) - 1), 

(i,J»S[A] l<t<r 

w/iere 7b (A) = ^b)-/3(^)+ELi £(A% In particular, f A € Z[e, g±\ Qf \ • • • , <3d *] ■ 

If A G ^ r ,n then fx G -4 by Proposition 3.4. Corollary 3.9 establishes the 
stronger result that f.\ is a Laurent polynomial in Z[e, g ±1 , Qf 1 , ■ . . , Q^ 1 ]- Using the 
definitions it is easy to see that if (i, j, s) G [A] and 1 < t < r then (s, t)—l divides 
A(e, q, Q). Therefore, it is self-evident from Corollary 3.9 that f\ = f\(e 7 q,Q) is 
both well-defined and non-zero whenever Q is (e, c^-separated over R. 

3.3. Graded Clifford systems. We will use Clifford theory extensively in order to 
understand the representation theory of Jf? r ,p,n in terms of the representation theory 
of Jf? r ,n- This section recalls the theory that we need most and starts applying it 
to the algebras J4?r t p n . 

Suppose that A is a finitely generated i?-algcbra. A family of i?-submodulcs 
{ A s | s G Z/pZ } is a Z/pZ-graded Clifford system if the following conditions are 
satisfied: 

a) A s A t = A s+t for any s, t G Z/pZ; 

b) For each s G Z/pZ, there is a unit a s G A s such that A s = a s Ao = Aoa s ; 

c) A = ® s &/piA s ; 

d) 1 G A . 

Any automorphism a of an i?-algcbra A induces an equivalence F a : Mod- A — > 
Mod- A Explicitly, if M is an A-module then F a (M) = AI a is the A-module which 
is equal to M as an .R-module but with the action twisted by a so that if m G -A/ 
and x € A then m • x = mi" = ma(i), where on the right hand side we have the 
usual (untwisted) action of A. 

The following general result is proved in [17, Proposition 2.2], together with [23, 
Appendix] which corrects a gap in the original argument. Recall that we have 
assumed that R contains a primitive pth root of unity e. 

Lemma 3.10. Suppose that A and B finitely generated R-free R-algebras such that 
A = ©j = o B6 t where 9 is a unit in A such that 9 P G B and 9B = B9 . Then there 
is an isomorphism of (A, A)-bimodules 

A ® B A = A et - b9 l <g> 9' ■ m. J2(s jt b9 i+j ) (t) , 

t=0 t=0 

for b G B and < i,j < p and where (£ J *&0 8+J )( t ) G A e . Here we view (§) t A 6 as 
an (A, A) -bimodule by making A act from the left as left multiplication and from 
the right on A as right multiplication twisted by 9 t , for < t < p. 



An explicit isomorphism, as in the lemma, is constructed in [23, p. 3391]. 
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In the setup of Lemma 3.10 the subspaces { B9 S | s G Z/pZ } form a Z/pZ-graded 
Clifford system in A. Now we assume that R = K is a field. Let a be the auto- 
morphism of B given by a(b) = ObO^ 1 , for b E B. Let (3 be the automorphism of A 
given by /3(b6 j ) = e'b&>, for b G B and j G Z/pZ. 

Let Irr(A) and Irr(£?) be the sets of isomorphism classes of simple A-modules and 
simple B-modulcs, respectively. For each D(X) G Irr(A) fix a simple B-submodulc 
D x of D(X) ig. It is clear that D{X) a S D(A) and {D x f S D A . Let o A be the 
smallest positive integer such that D(\)P A = D(\). Then o A divides p so we set 
px = p/o\. Define an equivalence relation on Irr(A) by declaring that 

D(X) ~ p D(p) <j=^ D(X) ^ D{^\ for some * £ Z/pZ. 

Similarly, let ^ a be the equivalence relation on Irr(i3) given by 

D x ~ Q ^ D x = (D») at , for some i G Z/pZ. 

If D is an A-module let Soca(M) be its socle; that is the maximal semisim- 
ple submodulc of A. Similarly, recall that Head^(M) is the maximal semisimplc 
quotient of M. 

The following result is similar to [18, Lemma 2.2]. The result in [18] is proved only 
in the case R = C. As we now show, the argument applies over any algebraically 
closed field. 

Lemma 3.11 ((cf. [18, Lemma 2.2])). Suppose that R = K is an algebraically 
closed field and that A = ©j_ B0 t as in Lemma 3.10. 

a) Suppose that D(X) G Irr(A). Then p\ is the smallest positive integer such 
that D x ~ (D x ) a " X . 

b) Suppose that D x G Irr(B). Then D x fg = D(X) © D{Xf © ■ ■ • © J D(A) /3 ° A_1 
and D(X) lg = D x © {D x ) a © • • ■ © (D^^ . 

c) { (D x ) a | D(X) G 1tt(A) /~ p for 1 < i < p\ } is a complete set of pairwise 
non-isomorphic absolutely irreducible B-modules. 

d) { D(Xy | D x G Irr(B)/~ Q for 1 < i < o\} is a complete set of pairwise non- 
isomorphic absolutely irreducible A-modules. 

Proof. Let D(X) G lri(A). Let p' A be the smallest positive integer such that D x = 

(D x ) a . By [9, Proposition 11.16], the module D(X) !g is semisimple. Now, 

Hom A (Z? a ,D(A)|b) = Honu ({D x ) a \ D(X) ), for any i G Z. 
Therefore, there exists an integer c > such that 

(3.12) D(A) ii = (D x © [D x ) a © • • • © (D*)"* -1 )® 6 . 
By Frobenius Reciprocity, 

Hom B (D(X) 1-b,D x ) £* Hom A (D(A), # A ts )■ 
Since if is algebraically closed, both A and -B are split over K. It follows that 

(3.13) (D(A) © ,D(A) /3 © ■ ■ • © I?(A)' 30A ~ 1 ) ffic C Soc A ts )• 
By (3.12) and (3.13), we have that 

(3.14) dim D(X) = cp x dim D x and pdim£> A > co A dimD(A). 
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Hence, 

(3.15) p > cVa°a. 

On the other hand, since R contains a primitive pth root of unity, the integer 
p and all of its divisors are invertible in R. Let tt\ be a linear endomorphism of 
D(X) which induces an A-module isomorphism D(X) = D(A) /3 ° A . Then (n\) Px £ 
EndA (D(X)) = K. Renormalising ir\, if necessary, we can assume that (ir\) Px = 
id\, where id\ is the identity map on -D(A). 

Let X be an indeterminate over K and suppose then o divides p. Differentiating 
the identity X p l° — 1 = n?=°i(^ — eJ °) an d setting X = tt\ and o = o A , shows that 



L 3- 

Px 



j=i i<t< PA 

Mi 



Thus, 



1 PA 

^=^-e n (^a-^k 

J=l l<t<PA 

For each integer 1 < j < p\ 7 we define 

D 3 W-=~ II (TA-e^)Tr^^(A). 
PA i<t<p, 

It is easy to check that each Dj(X) is a B-submodule of D(A)^ and D J (X)0 = 
Dj + i(X) for each j <G Z/pZ. In particular, this implies that D(A)|^ can be de- 
composed into a direct sum of p\ nonzero B-submodules. Comparing this with 
(3.12), we deduce that p\ = p/o\ < cp' x . Combining this with (3.15), shows that 
c 2 p' x o\ < p < cp' x o\, which forces that c = 1, p = o\p' x , and 

D x ^b = Soc A (D x ti) = D{X) © D{Xf © • • • © D(Xf° x ^ . 

This proves the first two statements of the lemma. The last two statements follow 
by Frobcnius reciprocity using the first two statements. □ 

We now apply these results to J$% tP>n . Recall from Section 2.1 that ^. jn has two 
automorphisms a and r such that J4? r ,p,n is the cr-fixed point subalgebra of Jt? r ,n 
and t restricts to an automorphism of Jf? r ,p,n- 

It is straightforward to check that, clS ct right J%r,p,n~ 

module, 

!^r : n — ^^r,p,n © -^O^^r^p,?! © ' ' ' © T P '3%r,p,ri' 

(For example, use [25, Lemma 3.1].) Hence, i^ >n is a Z/pZ-graded Clifford sys- 
tem over jf riPi „. Applying Lemma 3.10 to J^ rl = ©^J ^T.p.nTo we obtain the 
following useful result. 

Proposition 3.16. There is a natural isomorphism of (J4? r ^ n , Jl? r ^ n )-bimodules 

p-i 

m=0 

where Jrf? r ,n acts from the left on (J4? r ,n) a as left multiplication and from the right 
with its action twisted by o~ m . 
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Corollary 3.17. Suppose that M is an Jt? r ^ n -module. Then, as J% in -modules, 

p-i 

2=0 

Proof. By definition, M tj?'™ — M ®^ rn Jif r ^ n (8)jt? rpn <&?r,n- Now apply 

Proposition 3.16. □ 

3.4. Twisting modules by a. In this section we investigate the effect on j^ r ^ n - 
modulcs of twisting by the automorphism a defined in Section 2.1. These results 
will be useful when showing that f.\ has a p\ root and when constructing and 
classifying the irreducible J^ iPin -modules. 

Recall that a (To) = eTq and that cr(Ti) = Ti, for 1 < i < n. It is easy to check 
that o~(T w ) = T w and that o~(L m ) = eL m , for w G 6„ and for 1 < m < n. Hence, 
using the definitions we obtain the following. 

Lemma 3.18. Suppose that 1 < b < n and 1 < s < t < p. Then 

(r (s,t)s _ bd{t-s+\) r (s-\,t-i) 
°\ A 'l,6 ) — 5 *-l,6 

Consequently, if h £ ^p^n then cr(wb) = e~ nd v^~ 1 ' and cr(Y t ) = e~ dbt Y t _i, for 
l<t<p. 

By the remarks in Section 3.3, the automorphism a induces a functor F CT on 
the category of .^^-modules. We want to compare F a with the functors Hb, for 
b G c & P ,m which appear in the Morita equivalences of Theorem 2.5. 

Lemma 3.19. Let b G "^p in and t G Z. Suppose that Q is (e, q)-separated over K . 
Then V h{t) Vg (t+l) . 

Proof. Let <r = cr _1 . Then it is enough to show that V£ = which is equiv- 

alent to the statement in the Lemma when t — 0. By Corollary 2.29, there is 
an isomorphism Vb — > ^b(iv On the other hand, = cr(Vb) — ^b~^ by 
Lemma 3.18. Therefore, the map v <— > (Yiu) f , for v G Vb, gives the required 
isomorphism V£ -=> Hi(i)' D 

Suppose that b G c & v%n and recall that, by definition, 

^k,b = ^d,b(Q V£ ) = ^WeQ) ® • • • 8> ^, fcp (e p Q). 

Suppose that /i = h\® • • ■ ®h p G J^d,h- Applying the relations, there is an algebra 
isomorphism 

(3.20) 3V d>h ^ JKi M -i } ; h± <8> • • • <g> /i p i-> /i(-l) = 7£ (8 ft? <g> • • • <8> 

where we abuse notation slightly and define £t(Tq*^) = £ -1 Tq and a(T^) = 
j^(t+i)^ ^ < j < 5 t and where we equate superscripts modulo p. It follows that 
there is an equivalence of categories F£ : Mod-Jf^b — S>Mod-Jf%. b (-i) given by 

F£(Mi <g> • • • ® M p ) = M p (g) Mi <g> • • • (g) M p _i, 

for an .^^-module M\ ® • • • ® M p and where =^d,b(— l) a °ts via the isomorphism 
above. 
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Proposition 3.21. Let b G ^ Pl n. Suppose that Q is (e, q)-separated over K . Then 

><-!} 



Mod-^, b — ^ Mod-J^u/x) 



H b 



J 



H b (-1> 



Mod-Jf rn > Mod-jE n 

is a commutative diagram of functors. 

Proof. Let M be an ^^b-module. Then we have to prove that 
(M ®^ d b V b ) a £* F£(M) ®.^, b< _ 1} ^b(-i) 

as right c^ n-modules. Mimicking the proof of Lemma 3.19, the required isomor- 
phism is the map m <8> v i— ^ m(— 1) ® (Yiu) <T , for m ® « 6 M ®.ff d b ^b- D 

We want to use this result to determine the er-twists of various c^^-modules. 
To this end set a\ t = \\( dt - d + 1 ) | + ... + \\(<K-*+°-i\ for 1 < i < d and 1 < t < p 
and define 



d a B 

s=2j=l neSj],] 



which we think of as elements of ^d,6 t (e*Q) in the natural way. Now set lit b = 
U \W ® ' ' ' ® u a1p] and a ' A ' b = ® " ' ® x aM ■ We remark that it is easy to check 
that ut b an d ^A,b commute using Lemma 2.8. 

By [14, Theorem 2.9], there exists an element s h (X) = s(A [l1 ) ® • •• ® s(A [pl ) G 
such that 5 b (A) = s h (X)Jf d:h . Explicitly, s(A w ) = u+ w {e l Q')y^]T w ^)X xK u+ [t] 

where /Li' 4 ' is the multipartition conjugate to A' 1 ', for 1 < i < p. By Lemma 3.3, we 
have that 

(3.22) S(\) £* H b (5 b (A)) S s b (A) • WbJ£,„. 

Henceforth, we identify 5(A) wii/i s b (A) • Vb a^rf 5 b (A) Sb(\).J%?d,b via these 
isomorphisms. Observe that Hb(Sb(A)) = S(X) with these identifications. 

Definition 3.23. Suppose that b <G ^ v , n and A G ^d,b- Define 

M b (A) = uXb^b^b and = H b (M b (A)). 

The definitions above apply equally well to J^ jn -modules by taking p = 1. In 
particular, we have elements it^ and x\ in J^. jra and an J^n-module M(A) = 
u~^x\J4? rin . Using the definitions it is easy to check that x\ = Ob(^A,b) and that 



+ — „.+ 



«b ®b(u\ b)) where is the element introduced in (2.27). It follows that 
Mb = v b M(A). Hence, in general, M^ is a proper submodule of Vb- 
We can now prove the promised result about tr-twisted modules. 

Proposition 3.24. Let b G c € v . n and A G 3^d,h- Suppose that Q is (e, q)- separated 
over K . Then 

(M£Y~M*Zl] and S(\r = S(\(-l)). 
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Moreover, if A € X r . n then D{\f = D(A(-1)). 

Proof. We have that cr(w+ [t] (e*Q)) = e kt u^ [t] (e* _1 Q), for some integer k t , exactly 
as in Lemma 3.18. From the definitions, Fg(M h (X)) = M b (_i) (A(-l)). Therefore, 
using Proposition 3.21, 

(M b A ) ff = F CT (H b (M b (A))) - ^(.^(^(MbfA))) 

= H b( _ 1) (M b( _ 1) (A(-l))) - M^Zll 

giving the first isomorphism. A similar argument shows that 5(A) CT = S(X(— 1)). 
Finally, if A is Kleshchev then D(X) ^ and there is a short exact sequence 

— > rad5(A) — 5(A) — > D(A) — > 0. 

The functor F CT is exact, and D(A(-1)) is the head of 5(A(-1)), so L>(A) <T = 
D(A(— 1)) because 5(A) CT = 5(A(— 1)) by the last paragraph. (Note that A is 
Kleshchev if and only if A(— 1) is Kleshchev by Lemma 3.3(c).) □ 

As a is trivial on J4? r ,p,m Lemma 3.19 and Proposition 3.24 imply the following. 

Corollary 3.25. Suppose that Q is (s,q) -separated over K and that b G ^p^n, 
A G &d,b and t G 1. Then: 

a) Vbl^_ n = Vb( t) l^;™^, 

hi /V/ A I M A(t> I ^ r '" 

u 7 jw b 4-^. iP „ — Jw b (t) ^ r , p ,„' 

c) 5(A) i.^'™ = S(X(t}) i-j£ n , and, 

d) if A G X,n <^en D(X) n = D(X(t))i^ n . 

3.5. Shifting homomorphisms. In this section we show that our ordering of the 
cyclotomic parameters Q V£ in (2.1) implies the existence of some isomorphisms 
between Specht modules. The shifting homomorphisms are, ultimately, what allow 
us to construct the irreducible J$? r ,p,n modules — and hence prove Theorem C. 
These result also underpin our calculation of the ^-splittablc decomposition numbers 
of J4? r .p.n and, consequently, our proof of Theorem D. 

Extending the notation that we used for the modules V£ , for each multipartition 
A G ^ rin let 5(A) W be the Specht module for J%-, n which is defined with respect 
to the ordered parameters e'Q Ve (rather than Q Ve ). Then 5(A) = 5(A(t))W as 
JC-,n-modules and S(X(t))^ is a submodulc of V^ly The following result makes 
this more explicit. 

Lemma 3.26. Suppose that Q is (e,q) -separated over K and that X G &d,b, for 
b G ^p.n, and 1 < t < p. Then 

Y t ...Y 1 S(X)=S(X{t))V 

as subsets of J%? r ,n- 

Proof. As we have already observed, left multiplication by Y p . . . Y\ is invertible by 
Lemma 2.28 and Lemma 2.25. Therefore, Y t . . . YiS(A) = 5(A) as a right J%r n- 
modules, so it is enough to show that Y t . . . Yi5(A) C S{X{t))^' . Recall from before 
Definition 3.23 that we are identifying 5 b (A) with the ideal 5 b (A) = s b (A)Jf% ib 
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and 5(A) = st>(A) • Vt>- Using Lemma 2.20 we compute 

Y t ... Y 1 (s h (X) ■ «b) = Y t . . . Y lVb e h (s b (\)) 

= e h{t) (s h{t) (X(t)))Y t ...Y 1 v h 
= s h{t) (\(t))-v§ t) Y t *...Y 1 *, 

the last equality following from Corollary 2.15. Hence, Y t . ..YxS(X) C S(X(t))^ 
as we needed to show. □ 

Fix b £ c € v ^ n and A £ £?d,b and suppose that A = A (to), for some integer 
1 < to < p with to dividing p. Then b = b(m) and <r m is an automorphism of J4? r . n 
of order Set 

Q = (Qij Qi £ j • ■ ■ i Q\£ m 1 ,Q2, ■ ■ ■ ,Q2£ m j • • ■ , <3d, • ■ ■ j Qd£ m 1 )- 

Then = ^,„(Q V£ ) = ^ r ,„(Q V£T ™). By definition, ^z |fl = ^^(Q) is 

the subalgebra of generated by Tg , Ti, • • • , T n _i, so that 

(3.27) %„~{/ieif r ,„ |/i = cr m (/i) } . 

This observation will be useful below. 

For < t < ^ we now consider the modules V^ tm ^ and 5(A)( tm ). Then, by 

definition, 5(A) ( - tm - 1 is a submodule of , Further, by Lemma 3.18 and Propo- 
sition 3.24, 

(y{tm+m)y- m = y{tm) & ^ ( 5 ( A )(tm+ m )) ff ~ m = S(A)< tm ) . 

Motivated by Definition 2.16, define 

y _ \? V V 

1 t,rn 1 tm-\-m • * • 1 tm+2 1 tm+1 j 

for < t < £, and let ^ >m : F b (tm) — > v^ tm+m) be the map ^ m (u) = F t , TO «, for 

Definition 3.28 ((Shifting homomorphisms)). Suppose that b <G c i v ^ n and that 
b = h(m) for some I < m < p with to dividing p. For < t < -2- define 
6 ttm =a m o6' t , m . 

Lemma 3.29. Suppose that b G mitt b = b(m) /or some 1 < m < p with to 

dividing p, and suppose that < t < TTien # tm G End^. p/m n (V^* 7 ™^)- 

Proof. By Definition 2.16 and the remarks above, 6* tjln € Endij (V^' m ' ) ) since b = 
b(m). Moreover, if v G vS tm ^ and /i G Jrf? r .n then 

since TO is an J^ in -module homomorphism by Definition 2.16. Therefore, 9t, m (vh) 
is an j4? r p / m n -modu\e homomorphism since J$? r p_ n = by (3.27). □ 
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3.6. Seminormal forms and roots of f\. In this section we show that if A = 
X(m) , for an integer m dividing p such that 1 < m < p, then there exists a scalar fv' 
such that f\ = £ m ""-d(l-i)/2^jW^ ^ w here I = p/m as in Theorem B. By relating fx to 
the shifting homomorphisms we will show that this factorization of fx corresponds 
to a factorization of the cndomorphism of 5(A) given by left multiplication by Zb. 

Recall that A = Z[e, q ±x , Qf \ . . . , Q* 1 , A(e, q, Q)" 1 ] and that T is the field of 
fractions of A. As saw in Section 3.2, the algebra is semisimple. Note that Q 
is (e, g)-scparated over T so we can apply all of our previous results. 

Fix A G S^r^n and an integer m such that A = A(m) and 1 < m < p and 
m | p. Let I = p/m. Since ,ff^ n is semisimple the Specht module 5(A) = 5 jr (A) 
is irreducible and has, as we now recall, a seminormal representation over T . First 
we need some notation. 

Recall from Section 3.1 that Std(A) is the set of standard A-tableaux. Each 
standard tableau s G Std(A) is an r-tuple s = (s^- 1 ', . . . ,s' r ') of standard tableaux. 
Extending the notation for A = (A' 1 ', . . . , A' p ') write s = (sW, . . . ,s^), where 
s m = (gLM-d+i^ , _ . )S M) i s a A b ' ] -tableau for 1 < j < p. Similarly, if z G Z define 
s{z) = (s^- z+1 \ . . . ,s^ +p l) where, as usual, we set s^ +kp ' = s"' for 1 < j < p and 
k e Z. 

If 1 < fc < n and s G Std(A) define the content of k in t to be 

cont 6 (fc) = i j q b - a Q c G T, 

if k appears in row a and column b of g( c +-? d ). The following useful fact is easily 
proved by induction on n. 

Lemma 3.30 ((cf. [26, Lemma 3.12])). Suppose that s G Std(A) and t G Std(/x), 
for A, fj, G ^ r ,n- Then s = t if and only if cont s (fc) = contt(fc) , for 1 < k < n. 

If s is a standard A-tableau and 1 < i < n let s(i, i + 1) be the tableau obtained 
by interchanging the positions of i and i + 1 in s. Then s(i,i + 1) is a standard 
A-tablcau unless i and i + 1 are either in the same row or in the same column. 

Lemma 3.31 ((Ariki-Koike [4, Theorem 3.7])). Let V(X) be the T -vector space with 
basis {v s | s G Std(A) }. Then V(X) becomes an J^/^-module with J^f/^- action, for 
1 < k < n and 1 < i < n, given by 

v s L k = cont 3 (k)v s and v 5 Ti = P s {i)v s + (l + f3 s (i))v u 
where t = s(i,i + 1), Vt = if t is not standard and 

= (q - l)cont t (Q 
5 (contt(i) — conts(i)) ' 
Moreover, V(X) = 5" F (A) as Jif/^-modules. 

The module V(X) is a seminormal form for S~ F (X). 

Recall that we have fixed integers m and / = p/m such that m | p and A = A(m). 
Thus, 5-^(A)( tm ) ^ 5-^(A), for < t < I = p/m. By (3.22), 

5W m) =Sb(A)-«r ) ^- 

For convenience, we set = st>(A) • v^ m ' G J^n- 

Recall from Section 3.2 that t A is the standard A-tableau which has the numbers 
1,2, ... ,n entered in order from left to right along the rows of its first component, 
then its second component and so on. 
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Lemma 3.32. Suppose that < t < I. Then 

(tm) T / t \ (tm) 

v\x Lk = cont t x(_t m )(fc)t;^ 

for 1 < k < n. 

Proof. It suffices to consider the case t = when the result is effectively a re- 
statement of [28, Proposition 3.13]. Alternatively, this can be proved using Du 
and Rui's proof [14, Theorem 2.9] that the Specht module 5(A) is isomorphic 
to the corresponding cell module from [11] together with the description of the 
action of Li, . . . , L n on the standard basis of the cell modules from [26, Proposi- 
tion 3.7]. □ 

Corollary 3.33. Suppose that < t < I. Then there exists a unique Jff/^-module 
isomorphism 

ip<£ m) :V(\) ^>^(A)(* m > 
such that v4 tm) K*(-tm)) = u t* • 

Proof. By the Lemma, v^\"^ is a simultaneous eigenvector for L\,..., L n with the 
eigenvalues being given by the content functions cont t A( tTO ) (fc), for 1 < k < n. By 
Proposition 3.31 the corresponding simultaneous cigenspacc in V(X) is J-"u t A{_ tm ), 
so any j£^-module isomorphism from V(X) to 5" F (A)( tm ) must send v t x^_ tm ^ to 
a scalar multiple of v[t m) . As V(X) 5^(A) ~ 5- F (A(tm))(*" 1 ) = 5 jr (A)(* Tn) , by 
renormalising any isomorphism V(X) — > 5" F (A)(* m ' 1 we get the result. □ 

Suppose that < t < I. For each standard A-tableaus set t^*"^ = y^ m ' > (iw_t m \). 

Then { v { s tm) | s e Std(A) } is a Young seminormal basis of 5" F (A)^* m - ) and, by con- 
struction, 

(tin) T (tm) / \ T / 7 \ (tm) 

vl >L k = (p\ '{v s ( tm ))L k = cont s ( tm) [k)vi 

for 1 < k < n. Recall from Lemma 3.26 that Y t ^ m S{X)^ = S"(A) (tm+m) . We can 
now describe the map given by left multiplication by Yt, m more explicitly. 

Proposition 3.34. Suppose that < t < m and s € Std(A). Then there exists a 
scalar f\ +1 {i,q, Q) G T such that 

V „( tm ) — i(t+l.m) (tm+m) 
*t,roU s ( m ) — Ta v s ) 

/or allse Std(A). 

Proof. By definition, if s S Std(A) then v ( tm+m ' 1 L k = cont s / tm+m \ (fc)z4* m+m ' 1 , for 



1 < k < n. The same statement holds true for ^t,m^'™|, so by construction 
Yt,mVg(2l must be a scalar multiple of v ^ tm+m \ By direct calculation the map 
which sends to w | tm+m ^ for each s € Std(A), defines an ^^-isomorphism. 

By Schur's Lemma this scalar is independent of s so the Lemma follows. □ 

We write = f A ' m ' ) (e, <?, Q) if m is clear from context. It is tempting to say 
that e A since left multiplication by Y t ^ m is defined over A, however, the 
construction of the basis {i4' m ' > } is only valid over J 7 . Nonetheless, we will show 
below that € A using the fact that A is integrally closed in J 7 , . 
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Lemma 3.35. Let ip:V(X) — >V(X) be the J- '-linear map such that 

tp(v g ) = w 5 (m), for all s e Std(A). 

Then <p is an Jff? (& n ) -module homomorphism. Moreover, tp(vx) = ip(v)o- m (x), 
for all v £ V(A) and x E •ffi^n- Hence, ip is an >ffipp/m n - m °dule homomorphism. 

Proof. Suppose that s € Std(A) and 1 < i < n and let t = s(i, i + 1). Then, by 
Lemma 3.31, 

tfiivsTi) = (3 5 (i)ip(v s ) + (1 + P„(i))<p(v t ) = P s {i) v s(m) + (! + P 5 {i)) v t( m ) 
= v s ( m )Ti = p{v s )T t , 

where the second last equality follows because f3 B (i) = /3 s (m)(*)- Hence, p is a 
^g(©n)-homomorphism. To prove the second claim it is enough to show that 
p}(v 5 Lk) = i m v s / m \Lk, for all s G Std(A) and 1 < k < n. This is immediate 
because cont s ( m )(fc) = £~ m cont s (&;) by Lemma 3.32. □ 

Corollary 3.36. Suppose that < t < I and that s € Std(A). Then 

a m (vi tm) ) = i-dmn v (tm-m) _ 

Proof. First note that o- m {v^™ ') = E~ dmn v^ a m ' because 

(tm)-. _ m(„ f\\ n ,( tm )\ _ A—dmn„ f\\ (tm—m) _ ■ — dmn „, {tm—m) 



a m (v\T>) = a m (s b (X) ■ v h tm >) = ^"^(A) ■ vg 



e ' v 



by Lemma 3.18. Therefore, writing v~ s tm ^ = v^^h = ^ tm '()) t A(_ tm )/i) we have 
¥(-im)' 1 = v s (-tm), and so 

a m (vi tm) ) = a m (vl{ m) )a m (h) = e~ dmn v^ m) <y m {h) 



e 



-dmn (tm—m)/ m/L^^ -—dmn (tm—m)/ / 7 \\ 

<P\ (v x x {m _ tm) o- m {h)) = e amn p\ ; ((^(t> t x ( _ tm) /i)) 



e 



dmn, .(fen-m) /,„/„, n\ • — dmn,„(tm—m) / 

\<P\y*{-tm))) = £ fx ( v 



s(m—tm) j 



■-dmn„\tm-m) 



as required. □ 

Theorem 3.37. Suppose that X € &db oe a multipartition such that X = X(m) , 
for some b G I^L n and 1 < m < p with m \ p. Set I = p/m. Then 

Consequently, <E A for 1 < t < I. 

Proof. By Lemma 3.4 and Proposition 3.34, if s £ Std(A) then 
fxvi 0) =Y p ... Yi4 0) = F,_ liW . . . Y . m vf ] 

-fWy, i Fi v im) -...-f (1) f (i V p) 

Therefore, fx = . . . R , since = v^K This proves the first claim. 
For the second claim, observe that by Lemma 3.18 

rr m (Y> \ — p(P^ 1 ) <imb ry; , - A-dmn/ly 

° \ 1 t,m) — ^ 1 t — l,m — £ 1 t — \,vai 
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since e p = 1 and lb" 1 = = n. Therefore, 

i(*+l)„(*wH-m) _ v (tm) _ -m(„m/\r „,( tm ) \ 
T A V ~~ J *> m V(m> ~~ G \° y Xt ' mV i x {m)) 

= i- dmn ( 1+1/l) v- m (Y t . 1 , m v^-™ ) ) 

_ --dmn/l'M (tm+rn) 
— fc 1\ u t X 

Therefore, f A * +1) = i~<lmn/l^t) = . . . = ^-tdmn/i^ Thc seC ond claim follows. 

To complete the proof observe, for example using [15, page 138, Exercise 4.18 
and 4.21], that the ring A is an integrally closed domain. Therefore, f^ 1 ' G A 
because fx and (fx^Y = E7 dmn ( i_1 )^ both belong to A by Proposition 3.4. Hence, 
fx G A, for 1 < t < m, completing the proof. □ 

Henceforth, let be the value of f A at (e, q, Q) = (e,g, Q), for each integer 
1 < * < I. 

Corollary 3.38. Suppose that Q is (e, g) -separated over R and let A G <^d,b &e a 
multipartition such that A = X(rn) , for some b G ^ v ^ n and I < m < p with m \ p. 

Setl=p/m. Thenf x = fx ] ---f ( x = e^™^ 1 "') (f^)'. 

Combining Corollary 3.38 with Proposition 3.4 and Theorem 3.7 we have proved 
Theorem B from the introduction. 

Recall from thc introduction that oa = min {k > 1 | \ [k+t] = X [t] , for all t G 1], 
and that px = p/ox- Note that oa divides p so that px is an integer. 

Definition 3.39. Suppose that A G ^b, /or b G ^ p ,„. De/me g A = fx^- V 
Q is (e, g)- separated let Qx = 0a(<7, £,Q) &e £/ie specialization of gx = Q\(z, Q, Q) 
at (e,g.Q) = (e,g,Q). 

As the scalars 0a are central to all of our main results it is important to have 
a closed formula for them. Set a/A = (A' 1 ', . . . , A'-° A '). Abusing notation slightly, 
A = (a/A, • ■ • , VA), where \/A is repeated px times. Recall from before Corollary 3.9 
that if (i,j,s) G [A] and 1 <t < r then h*(s,t) = iP''^ q hi * (* W ) Q ds Q" 1 . 

Proposition 3.40. Suppose that A G ^d.b, /or b G ^p.n, and set nx = n/px- 
Then there exists fcgZ such that 



0A 



^(A)+feox g 7b(V^) ( g i _..Q d) nx(p-l) (£ aOA ^-( S ,t)-l), 



(i,J,s)e[v / A] !<*<<i°x 0<a<p x 

i/ p t =p s 



where 7b (\/A) = (i(w b ) + £Li /3(A [al ) - /3(A))/p A and a(A) = ±n A (rp - do A ) - 
da(h)/px are both integers. 

Proof. First observe that nx = n/p\ = |vA| G N. By Theorem 3.37, g A x = 
^doxnipx-i)^ Therefore, by Corollary 3.9, g p x x is equal to 

e5^n(px-l)^ = gPA7b(^)gPAa(A)(Q 1 ___Q d )n( P -l) JJ JJ (/i* («, t) - 1). 

(i,j,s)e[A] l<t<r 
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Observe that, because A = A(oa), if 1 < s,t < do a and < a, b < p\ then 
s + ao x ) G [A] and hfj(s, t) = e {a ~ b ' ) ° x hf j (s + ao x , t + bo x )- Therefore, 

n n(^(-.*M)= n n n n ^- b)o ^M 

(i,j,s)e[\]l<t<r (i,j,s)G[v / X] 0<a<p x l<t<do x 0<b<p x 

Pt^Ps p t +bo x ^p s +ao x 

Now, in the right hand products 1 < s, t < do\, so p t + bo\ = p s + ao\ if and only 
if pt = Ps and a = b. Therefore, the last equation becomes 

n n (4(m)-i)= n n n r o ^(M)-ir*- 

(i,J»e[A] l<t<r (ij»G[v / A] !<*<<iox 0<a<p A 

Pt¥=Ps a#0 if Pt=Ps 

Taking p^th roots, the formula for 0a i n the statement of the Proposition now 
follows. Note that this determines Q\ only up to multiplication by i k ° x , a p^th 
root of unity, for some k G Z. 

Finally, since $\ <E A by Theorem 3.37, it follows that 7b(v / A) and a(A) are 
both integers. We remark that it is not difficult to show this directly using just the 
definitions above. We leave this as an exercise for the reader. □ 

Remark 3.41. Proposition 3.40 determines g\ up to a p\th root of unity e k ° x . For 
the rest of this paper we make a fixed but arbitrary choice of the root of unity in 
Proposition 3.40. For the sake of definitcness, we take k = and set 

0A =e»we (vx) (Q 1 ...Q d ) n ^- i) n n n 

U,j,s)e[VX] 1<*<*>A 0<a<p x 

a^O if pt=Ps 

The formula for the splittable decomposition numbers in Theorem D, and all of 
the results which follow (for example, Definition 3.47), are relative to the choice of 
scalar Q\. The reader can check that any other choice works equally well. 

Theorem 3.37 shows that 0a G A and, together with Proposition 3.4, this implies 
that the specialisation g\ = 0x(e, q, Q) is well-defined and non-zero whenever Q 
is (e, g)-separated. Proposition 3.40 immediately implies the following stronger 
characterisation of 0a- 

Corollary 3.42. Suppose that A e &d,b, forh £ c tf p , n . Then g x & Z[e, q ±l , Qf 1 , . . . , i 
Moreover, Q\ ^ whenever Q is (e,q) -separated. 

The last two results follow directly from Corollary 3.9. In particular, they do 
not need the machinery developed in this section. The main results of this section 
are really Proposition 3.34 and Theorem 3.37 which connect the polynomials 0a 
with the representation theory of .J%? r ,p,n via the shifting homomorphisms. 

3.7. Specht modules for Jf° r ,p,n- Theorem 3.37 shows that 0a is a j?Ath root 
of fA- This implies that the endomorphism of 5(A) induced by multiplication by Zb 
is a p\th power of a 'simpler' endomorphism 6\. In this section we show that as a 
J%? r p tn -module the Specht module decomposes into a direct sum of #A - eigenspaces 
each of which is an J^. iPirl -module. These eigenspaces are analogues of Specht 
modules for J4? rtPtn and they will allow us to construct all of irreducible ^C r ,p,n- 
modules. 

Lemma 3.43. Suppose that b G ^p,™ and that b = b(m), for some 1 < m < p with 
m dividing p. Let I = p/m. Then 8' 0rn = edmnt/lptm ^ £r -im j f or Q<t<l. 
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Proof. Wc first show that Q' t m = e dmn l l u m o 6' t+l m o a- m whenever < t < I. 
By construction both maps belong to Hom^ „(V^ tm \ y( tm+m )y gy Lemma 3.18, 
cr m (Y t+hm ) = £- dmn/l Y t , m . Consequently, if v G v£ m) then 

K o 6' t+lim o a~ m )(v) = o- m (Y t+1 , m o-- m (v)) = e- dmn /% m v = e- dmn l% m {v) 
Hence, 6' t m = £ dmn/l a m 0' t+l m o o~ m as claimed. Therefore, if < t < I then 
°'o, m = e dmnt l l a tm o 9' t m o a~ tm by induction on t. □ 

By Lemma 3.29, wc have that 9 t . m = a m o 6' trn G End^ rp/mn (v£ mt) ), for 
<t < p/m. In particular, #o,m € End^, p/m n (H,)- 

Lemma 3.44. Suppose that b G ^ p , n and £/ia£ b = b(m), for some I < m < p 
with m dividing p. Let I = p/m. Then 

for all v G Vt>. T/iat is, (#o, m ) = £ 5 dmn ( / - 1 ) 2b as elements of Endj%, n (Vb)- 
Proo/. By Lemma 3.43, 0£,, m = E dmnt l l a tm o 0£ m o a"*™ for 1 < f < /. Therefore, 



_ p-tn Q £ (imn(i-l)/i cr (;-l)m Q ^ Q ^.(l-Qm Q ^ro Q £ dmn{l-2) /I (T (i-2)m 

o fl{_ 3im o • • • o a m o £ ^«/V" 1 o 0' lm o a— o a™ o ^ m 

since <7 im = (T p is the identity map on J$? r ,n- By Lemma 2.25 and the definitions, 
if v G Vb then (^_ lTO ° #J_2,m ° ' ' " ^o.m)( v ) = ■ • ■ Yi v = z b ■ v, so the result 
follows. □ 

Given k G Z and a sequence a = (ai, 02, . . . , a m ) define a(fc) = (ajt+i, 0^+2, ■ • ■ , o-k+m), 
where wc set ai+j m = ai whenever j G Z and 1 < i < m. Now define o m (a) = 
min{ fc > 1 I a(fc) = a}. In particular, i f b G % >n and A = (A^,. . . , A^) G ^ d , b 
then this defines integers o p (b) and o p (A). By definition, o p (b) and o p (A) both 
divide p, so o p (b) and o p (A) are both integers. Further, o p (b) divides o p (A). 

For convenience, set oa = o p (A), p\ = p/o\, Ob = o p (b) and pb = p/o b - The 
definition of oa and pa agree with those given in the introduction. 

Definition 3.45. Suppose that b G ^ Pj „ and A G 3^d,h- Let 9\ be the restriction 
o/6> ,o A to S(X). 

As in Lemma 3.29, the image of 9\ is contained in S(X) so we can consider 6\ 
to be an J^ r , Vx ^-module endomorphism of 5(A). Recall the scalar 0a = Qx(s, 1, Q) 
from Definition 3.39 and Remark 3.41. 

Corollary 3.46. Suppose that b G ^ Pi „ and A G 0*d,h- Then 
where ls(A) * s identity map on S(X). 

Proof. Proposition 3.4 and Lemma 3.44 show that (8 x ) Px = £^"° x(px_1) fAls(A)- 
Now apply Theorem 3.37. □ 
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Definition 3.47. Suppose that b G ffp^, A G ^d.h and 1 < t < p\. Define 

5 A = 5(A) | 6 x (x) = e to ^ x x } = ker (0 X - e to * 0x l sw ). 
Set tt a = ]li< s < w , 8 ^ (6\ " ^° a 0a), so tfcaf tt a G End^ px „ (5(A)). 

By definition, 5 A is an „-submodule of 5(A), for 1 < t < p\. By restric- 

tion, we consider 5 A to be an ^..p.n-module. Recall that r is the automorphism 
of J*t? r ,n given by r(h) = T ~ 1 hTo, for h G J^ r ,n- 

Theorem 3.48. Suppose that A G 3^d,b 7 for b G ^ v ,m and 1 < t < p\. Then 

a) 5 A Xb = 5 t A +1 . Equivalently, (5 t A +1 ) T 5 t A . 

b) 5 A = 7r A (5(A)); 

c) 5(A) J, = 5 A © • • • © Sp x ; 

d) dim5 A dim 5(A); 

e) S A t5;;, n = ^(A) © 5(A)- © ••• © 5(A)- ( ° A - 1) . 
Proof. Suppose that a; G 5 A and let m = o\. By definition, 

MxT ) = (a m o 6' 0tm )(xT ) = * m {0' , Op(X) (x)T ), 

since #q to is an o?^. jra -module homomorphism. Therefore, 

#a(.tT ) = A (af)<T m (ro) = £ (t+1)m 0Aa:To. 

Hence, a;T G 5^_ l5 proving the first half of (a). That S* +1 = (5 A ) r is now 
immediate because if x G 5^ then a; = x'To for some x' G 5 A . Therefore, if 
/i G J4? r ,n then .t/i = x'TqH = a;'r(/i)To. Hence, we have proved (a). 

By Corollary 3.46, the map 9 P X X — g A x kills every element of 5(A). Thus, on 5(A) 
we have 

O = ^ a -0a A = II (^-£ s °*0a) = ^o(9 x -e to ^ x ). 

l<s< Px 

Hence, the image of 7r A is contained in 5 A and ker7r A = J2 s ^t Note that the 
assumption f.\ is invertible in R implies that g\ is also invertible in R. If x G 5 A 
then tt^(x) = cttx, where a* = 0ArL^t( et ° A — £ SOx ) is invertible in R. It follows 
that if we set 7r A = — 7r A then 

1S(A) = 7T A +7T A H +TTp A , 

and 7r A is the projection map from 5(A) onto 5 A . Hence, (b) and (c) now follow. 
Moreover, since dim5 A = dim 5^ by (a), we obtain (d) from (c). 
It remains then to prove (e). First observe that by part (a), 
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Therefore, S x tjj? r '™ „—•■• — ^px L^T™ „ ■ Hence, using part (c) — which we have 
already proved — and applying Corollary 3.17, we see that 

t^'p„ ) — ($1 © • • • © Sp x ) tx^°„ — s(\) ij%,'2 : „ t#£p,„ — © ^W 7 

/ °a-i \ epx 

v j=o J 

where the last isomorphism follows because S'(A) <7 * = S(X(—t)) by Proposition 3.24. 
Applying the Krull-Schmidt theorem we deduce 

s x^ T ,n s 5 ( A ) gf^a © ... ffi 5(A)' t( ° a_1) , 
proving (e). This completes the proof of Theorem 3.48. □ 

As in the introduction, let ~o- be the equivalence relation on 3P r , n where \i ~ CT A 
whenever A = n(m), for some m € Z. Let be the set of ^-equivalence 

classes in S? r ,n- By Proposition 3.24, the set Jtr,n of Kleshchev multipartitions 
is closed under ~v-equivalence. Let J^ CT ra be the set of ~ CT -equi valence classes of 
Kleshchev multipartitions. We will abuse notation and think of the elements of 
as multipartitions so that when we write fi £ £P° ' n we will really mean that 
/i. is a representative of an equivalence class in 2?° n . Similarly, /x <E means 
that \i is a representative for an equivalence class in J^. CT ra . 

Let R = K be a field. We call the modules { Sf | A e ^„ and 1 < i < p x } 
the Specht modules of J$? r ,p,n- Using these modules we can now construct the 
irreducible J^ iPi „-modules. 

Definition 3.49. Suppose that A £ J&r,n and 1 < t < p\. Define D A = Hcad(5 A ). 

Although this is not clear from the definition, the module Z? A is irreducible when 
A € J^r,n and, moreover every irreducible J^. p . n -modulc arises in this way. 

This following result establishes of Theorem C from the introduction and, in 
fact, proves quite a bit more. 

Theorem 3.50. Suppose that Q is (e,q) -separated over the field K. Let A € J^ r ,n- 
Then: 

a) The module Z) A = Head( 1 S , l A ) is an irreducible 3%^^ ^-module, for 1 < i < p\. 
Moreover, {Df +l ) T = L> A , for 1 < i < p\. 

b) If I < i,j < px then [S A : Df] = 

c) The integer p\ is the smallest positive integer such that D* = \D*) 

d) The integer o\ is the smallest positive integer such that D(A) = D(\) (T x . 

e) (L> A ) f** 1 " = D(X) © D{\y © • • • © DW'^ 1 and 

Furthermore, the Hecke algebra 34? r ,p,n is split over K and 
{ D? | n e X£ n and 1 < i < p^} 
is a complete set of pairwise non-isomorphic absolutely irreducible J4? r ,p,n- modules. 
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Proof. By Proposition 3.24, D(\) cr = £)(A(— 1)), so it is clear that o\ is the smallest 
positive integer such that D(X) = -D(A) ff x . Similarly, once we know that = 
Head(S' I A ) is irreducible then (Df +l ) T = by Theorem 3.48(a) since twisting by r 
induces an exact functor on Mod-J^ iPjn . 

For the other statements, we first consider the case where K = K is algebraically 
closed so that J^ r K p n splits over K. The algebra J^ jn is cellular over any ring and so, 
in particular, it is split over K. Therefore, if /i G Xf n then D K (/x) = D{n)® K K. 
Fix an irreducible ^ r K p „-submodule Df^- of D K (p). By Lemma 3.11, the integer 
px is the smallest positive integer such that = (_D^) rPA and, further, 

D«(\) 1^ ~D±(B {D*) T © • • • © (^) rPA " 
and I)^f<" a D K(X) © i^ 7r (A) CT © • • ■ © Z^A)^ 1 . 

Moreover, { (£>ii) r \ fi e J^ r a n and 1 < i < p^ } is a complete set of pairwise non- 
isomorphic simple ^ r K p „-modulcs. 

Suppose that fi € 2? r ,n and let , = ®k K, for 1 < j < p^. We claim 
that D^r = Head(S'^ i ), for some i, if and only if A /j, and in this case i 

is uniquely determined. Using the restriction formula for D K (X) given above, 
Frobcnius reciprocity and Theorem 3.48 we find that 

i=0 

- Horn**; {S W (ti), D^t** ) 

ox-l _ _ 

= Horn*.* (S K (v,),D K (\f) 

^ j K, if fi ~ CT A, 
[ 0, otherwise, 

where the last line follows because D K (fi) = Read(S K (fJ,)), by Lemma 3.2, and be- 
cause D K (\y J S D K (\(~j)) by Proposition 3.24. This proves our claim. Without 
loss of generality, we can take fi = A. Note that Head S K (A) = D X (A) is simple. 
The above isomorphisms imply that Hcad(S'^ i ) = . = is also simple. By 

Lemma 3.2, [S W (X) : D W (X)} = 1 and D K {\) is the simple head of S W (X). By 
considering the restriction of the composition series of S (A) to J^ !Pj n, it follows 
that [S^ . : -D^j] = This proves all the statements in the Theorem when 
K = K. 

We now return to the general case where K is an arbitrary field. By the last 
paragraph, , = ®k K has a simple head, so that Df = Head(S' l A ) is inde- 
composable. Therefore, is irreducible (since it is also semisimplc). 

To complete the proof of the Theorem we show that Df ®k K = . . Let / > 1 

be the minimal positive integer such that {Df) T = D*. Then I > p\ since . = 
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Head(£> A ®k ~K). Similarly, dirxiif Df > dim-^i^.. By [9, Proposition 11.16], 
there exists an integer c > 1 such that 

^( a h£:„ = (a a © (a a ) t © • • • e (Dty i ~y c . 

Taking dimensions, dirnjf -D(A) = c/dim^-D A . Hence, comparing dimensions on 
both sides of the restriction formula for D K (\) above shows that 

cl dimD A = dim K D(\) = dim Tr D K (X) = p\ dim^Z?^- < p x dim K Df. 
Since I > p\ this forces c = 1, I = p\ and dim^ D A = dim-^-D^.. Therefore, 
. = Df <S)k K, implying that D A is absolutely irreducible and hence that K 
is a splitting field for j^ r ,p,n- All of the parts in the theorem now follow from the 
corresponding statements for D^- using the isomorphism = Z? A <E)k K. □ 

The algebra •^•.„(Q Vc ) is not necessarily semisimple when d > 1. With a. little 
more work it is possible to show that if Q is (e, g)-separated over K then the 
following are equivalent: 

a) J'ifr.n is (split) semisimple. 

b) Jtfr.p.n is (split) semisimple. 

c) S$ = Df, for all A e &> r<n and 1 < t < p X - 

We omit the details. If d = 1 then it is known that J4? p . p . n is semisimple if and only 
if (e) n (q) = {1} and e > n [22, Theorem 5.9]. 

Extend the dominance order to n x Z by defining (A, j) O (/x, i) if A > /x. 
Let 

be the decomposition matrix of J^.p.n, where A <E „, /x <E ^. CT n , 1 < i < Px 
and 1 < j < p tJLl and where the rows and columns of D^» r n are ordered in a way 
that is compatible with dominance. 

Suppose that A £ S? r .m M G an d 1 < * < Pa and 1 < i < p^. IfA^/i, then 
[<S A : Dj"] only if (X,i) t> (fJ>,j) because, by Theorem 3.50 and Lemma 3.2, 

[S*:Df}^0 =► [5(A) : D(n)] £ A > /x. 

On the other hand, [Sj* : -D^] = 5y by Theorem 3.50. Hence, we have proved the 
following. 

Corollary 3.51. Suppose that Q is (e, q)- separated over the field K. Then the 
decomposition matrix T)^ r n of J4? r ,p,n is unitriangular. 

Theorem 3.50 and Corollary 3.51 complete the proof of Theorem C from the 
introduction. 

4. Cyclotomic Schur algebras and decomposition numbers 

We have now constructed Specht modules and a complete set of simple modules 
for J^r^p^n. In particular, we have proved Theorems B and C from the introduction. 
The key to proving Theorem C was the construction of the J^.. p .„-endomorphism 6\ 
of the Specht module 5(A) in Definition 3.45. 

In this chapter we compute the p-splittablc decomposition numbers of jf riPi „. 
To do this we first construct a new algebra which is Morita equivalent to J^ r ,p,n- 
This allows us to construct an analogue of the (cyclotomic) Schur algebra for Jf? r , P ,n- 
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The endomorphisms 6\, for A <G &d.b, lift to analogous elements i?a of 5? T<p , n - 
Extending the arguments of [24], we compute the trace of d\ on certain weight 
spaces (the twining characters). These trace functions give a system of linear equa- 
tions which determine the p-splittablc decomposition numbers of the three algebras 
•S^r.p.n, $d and J^r.p.n- This will complete the proofs of Theorems A and D from 
the introduction. 

Many of the early results in this section hold over an integral domain, however, 
for convenience we work over a field R = K. We maintain our assumption that Q 
is (e, g)-separated over K. 

4.1. A Morita equivalence for J^ iPin . In this section we prove a new Morita 
equivalence theorem for the cyclotomic Heckc algebras -j^r.p.n which is an analogue 
of Theorem 2.5. This equivalence (Corollary 4.5) is both a refinement of [25, The- 
orem A] and a generalization of the Morita equivalence theorem given by the first 
author for the Hccke algebras of type D [21]. 

Fix a composition b G ^p,™ and set Ob = o p (b) and p b = p/ob- Mirroring 
Definition 3.45 define 

#b = #0,o p (b)- 

Then b G Endj^ , Pb ,„ (Vb) by Lemma 3.29 and 6 b (v) = <7 Ob (Y ^ Ob v), for all v £ V b . 
In particular, 8 b is an J^ iPi „-endomorphism of V b . 

The module Vb = v b M^ tn is an J^ jPjra -module by restriction. For simplicity 
we will usually write Vb, instead of Vb-ljf' n , when we consider V b as an J^ r ,p,n- 
module. 

Definition 4.1. Suppose that h G c <o p , n - Define $d,b = Endj^. p „ (Vb) ■ 

Notice that J%d,b is a subalgcbra of <f>d,b, by Proposition 2.23(a), and that 8 b is 
an element of <od,b by the remarks above. 

Theorem 4.2. Suppose that b G c € v>n . Then, as an algebra, $d,b is generated 
by Jt?d,b and the endomorphism 6 b . Moreover, if {xi \ i € I } is a K -basis of J^d.b 
then { Xi9^ \ i £ I and < k < p b } is a K -basis of End jg> r (Vb) ■ In particular, 
dim<f djb =Pb dim^ jb - 

Proof. We first compute the dimension of §d,b- By Frobenius reciprocity, 

3^ ,fffi ^ffi 

<$d.b = Hom^^JVb^",, ^b-k^'p.J — Hom -«-,„(H> ) Vb-l^^t^^) 

p— 1 p— 1 

£* Hom x „ (14, V b CT ' ) = Hom^ n (V b , V b(i) ), 

i=0 i=0 

where the third isomorphism is Corollary 3.17 and the fourth isomorphism follows 
because V^* = H>(-i) by Proposition 3.19. By [25, Proposition 2.13] if b ^ c then 
Honij^ iTl (Vb, V c ) = because Vb and V c belong to different blocks. Therefore, as 
vector spaces, 

Pb-i pb-i 
S d ,b = Hom x „ (V b , V b(l0b) ) = Hom,^. „ (V b , V b ) S J^® Pb 

i=0 i=0 

since Endjj^ n (Vb) = =^d,b by Proposition 2.23(a). Hence, dim §d,b = Pb dim =^,b- 
It remains to show that J^d,b and Ob generate &d, b as a if-algebra. First ob- 
serve that #b is an invertible element of §d,b because (Oh) Pb {v) = e dn (p~°b)/ 2 Zb . v 
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by Lemma 3.44, for v € Vb- Therefore, since End^.„(Vb) = Jt?d,b by Propo- 
sition 2.23(a), it suffices to show that every element of Hom^ n (Vb, V£ b ) cor- 
responds to 9 b ~ z x, for some x in J4?d,b- Let nj be the projection from <^,b to 
Hom^ „(Vb, V b TJ b ) under the vector space isomorphism above. Under Frobenius 
reciprocity the j^p.n-endomorphism 

corresponds to the .^.n-homomorphism Vb — >• Vb <8>jp T „ given by 

for /i G Using Proposition 3.11, and the explicit isomorphism given in 

Lemma 3.10, 

p— l p— l 

Tj(V)(«b) = E £i ° b ^b'KT - s )T s =Y j e j0bS K i (vb)e- is ° b Tv s T° 

s=0 s=0 
p-1 



s=0 

By assumption p does not divide the characteristic of K , so p is invertiblc in K. So 
we deduce that 7^(0^*) is actually an isomorphism from Vb onto Vg b . Essentially 
the same argument shows that if a; € J4?d,b then 

Kj(x)(v h ) = Sj px ■ v h = S j0 pvb&b(x). 

Therefore, iTj(9^ l x)(vb) — 5ij6jop 2 6 b ~ l (vb)®b{x)- Note that every homomorphism 
in Homjf r n (Vb, V^ b ) can be decomposed into a composition of the isomorphism 
7]j(#b') with an endomorphism in End,^. n (Vb) = .^d,b- All of the claims in the 
theorem now follow. □ 

The algebra §d,b is generated by ffld.b and 9b by Theorem 4.2. To make this 

(s) (s) 

more explicit, for s = 1,2, ... ,p let T 4 and L), , for 1 < i < b s and 1 < j < b s , be 
the generators of J^d,b- That is, 

T W = jisa-i g T g x ®p- S and L W = ^.-l g L . g l8p -a 

i .7 ^ 

interpreted as elements of ^j,b = J#d,b 1 {zQ) ® •■■ ® ^2,b p (e p Q). The elements 
and , for 1 < s < p, 1 < < b s and 1 < j < b s , generate Jt°d,b subject to 
the relations implied by the defining relations for Jrf? r ,n- 

To determine the relations these elements satisfy in S"d,b we need, at a minimum, 
to determine the commutation relations between elements and 9b- Using Lemma 
2.20, it is easy to deduce the following result. 

Lemma 4.3. Suppose that b £ ^p,n, 1 < s < p, 1 < i < b s and 1 < j < b s . Then 



'0 b if +Ob) , tfs + 0b <p, 

,(.), = \e-°»9bL { ° + ° b \ i} S + Ob< Pl 
3 b \e-°»9 b L { ; +0b ~ p \ if s + o b > p. 
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This lemma, when combined with the relation that 0£ b = £ dn (p-°t>)/ 2 Zh j s central 
in <sd,b and the relations coming from Jifd.b gives a complete set of commutator 
relations for the generators of S"d,b- It would be interesting to know whether or not 
this gives a presentation for the algebra <§d,b- 

Remark 4.4. Suppose that b G ^p.n and 1 < s,t < p and s = t (mod Ob), so that 
b s = b t . Let 7r st be the algebra isomorphism M^ 8 ^ = given by 

T (s) ^ T (t) and T (s) = L (s) ^ £ s-t T W^ forl<«<n-l. 

Thus, 7T s t identifies the s th tensor factor and the t th tensor factor in -J#d,b and 
Lemma 4.3 says that conjugation by 6b coincides with the map Tr st , where t = s+Ob 
if s + Ob < p\ or t = s + Ob — p if s + Ob > p- 

Extend the equivalence relation ~ CT on iP r _ n to c & v . n by defining b ~ a c if b = 
c(k) for some k G Z, for b, c <G Let ^„ = ^,,„/~ CT be the set of 

equivalence classes in ^ )n . Once again, we write b € to indicate that b is a 
representative for an equivalence class in 

Define §d = $d,b- Note that depends on the parameters q and Q Ve 

and on n. Further, by definition, Mod-<#d = (Bbe^" Mod-#d,b- 
Corollary 4.5. There is a Morita equivalence 

Fg : Mod-<? d — >Mod-J^, p ,„; M^M ® ftib H>, 
/or M g Mod-<? dib , and b g 

Proof. By Proposition 2.23(b), (Bbe-if 14. is a progenerator for Jf? r ,n- Moreover, 
if b G ^ p .„ then 

for any i g Z by Lemma 3.19. Therefore, ©be^" ^> ^ s a progenerator for .^-^n 
and, by well-known arguments, for example [5, §2.2], it induces the Morita equiva- 
lence Fg above. □ 

We now describe the images of the Specht modules and simple modules of the 
algebra JtC r ,p,n under this Morita equivalence. 

Let A G £Pd,b- By definition o b | o A and o A | p. Let p b/x := p h /px = o x /o h g N. 
Then p h = p h /xPx- 

Definition 4.6. Suppose that A g ^d,b, for b g ^f n . Define 

S x = S h (\)t% b b and D x = D h (\)t% b b . 
Define $d,\ to be the subalgebra of $d,b generated by Md.b and (#b) Pb/x - 

By definition §d,\ — S'd.n whenever A, fi g &d,b and p\ = p^. Further, 
dimd^.A = PAdimj^b by Theorem 4.2. Notice that the maps (8b) Pb/x and 9\ 
agree when they are restricted to 5(A). 
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Now fix generators Sb(A) and db(A) of St, (A) and Z?b(A), respectively, which we 
consider as elements of <§ d ,b- Motivated by Definition 3.47 and Theorem 3.48 define 

S£ px =S b (A) [] ((0b) Pb/A -0A)^,b^^.A 

l<t<p x 

\<t< PX 

By Lemma 4.3, S* px and Df px are <od,A-submodules of S x and D x , respectively. 
Moreover, it is easy to see that 

Pa Pa 

^(A)t^ b =0^PA ^d ^ b (A)t^ b =0^ P A- 

i=l i=l 

Now define 

^p = -S^pa t/ d * and D i, P = D t Px t/ d * ' 

Let ~b be the equivalence relation on 3^d,b where if A, fi £ £?d,b then fj, ~b A 
if A = fi(kob), for some k £ Z. Let be the set of ^b- equivalence classes in 

£?d,h and let J^ b b be the equivalence classes in J^d,b- Once again, we blur the 
distinction between equivalence classes in &db anc ^ the multipartitions in these 
equivalence classes. 

Lemma 4.7. Suppose that A <G S^d.b, M G J^ b b , 1 < i < 1 < j ' < P/i- T/iert 

¥gSfl p = and VgD^ p = . In particular, 

{ Df p \»£X d \ and 1 < j < Pfl } 

is a complete set of pairwise non-isomorphic absolutely irreducible §d.b-modules. 

Proof. This follows directly from the definitions and standard properties of the 
Schur functor Fg. □ 

4.2. A cyclotomic q-Schur algebra for Jrff r .p.n- The next step towards comput- 
ing the Z-splittable decomposition numbers of J^f r .p. n is to lift our computations up 
to an analogue of the (cyclotomic) Schur algebra for Jtf r ,p.n- In this section we 
define such an algebra =5^ rjPi „ and prove a basis theorem for it. 

The cyclotomic Schur algebras [11] are defined as endomorphism algebras of 
certain permutation-like modules. We now define modules 

M(A), Mb (A) = M(A I1] ) <g> ■ ■ • <g> M(A [pl ) and M b = H b (M b (A)) v+M(X), 

for A £ ^d,b and b £ c &p^ n - The Schur algebras for the three algebras ^f r ,n, ^d,b 
and 3C r ,p, n are then defined to the endomorphism algebras of direct sums of these 
modules. 

Definition 4.8. a) The cyclotomic q-Schur algebra of Jf? r ,n is the endo- 
morphism algebra 



^ r>n = End^ rn ( M(A) 
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b) For b <G c € v . n the cyclotomic q-Schur algebra of J%d,b is the endomor- 
phism algebra 

^ b = End^ b ( M b (X] 

c) The cyclotomic q-Schur algebra of J4? r , p ^ n is the endomorphism algebra 
<5^r,p,n — ^^b^^, n where 

^r, P ,n(b) =Endje r , p , n ( Mb 

where M£ is considered as an Jrf? rp n -module by restriction. 

The algebra S^ r ,p,n is new, generalizing the Schur algebras of type D introduced 
by the first author in [24]. The cyclotomic Schur algebra S^ r ^ n = ^r,n(Q Ve ) was 
introduced in [11]. By Definition 3.23, M b (A) = M(A [1] ) ® ■ ■ • ® M(A bl ) so that 

y d , b S End^, h ( M b (A)) = ^. bl OQ) ® • • • ® ^, 6p (e p Q). 

Moreover, applying the functor Hb shows that 
(4-9) J^, b = End.^„( 

Hence, we can — and do! — consider o5^,b as a subalgebra of J^-,j,, n . 

Recall that after Definition 4.1 we defined 9 b = #o,o b G End^r rp ,„(Vb)- By 

definition, is a submodule of 14,. We next show that 6>b maps Al£ to M^ 01 ^. 

Lemma 4.10. Suppose that b € c ifp in and A € ^d.b- Then $b restricts to give an 
^f r ,p,n-homomorphism from M£ to M^° b ^ . 

Proof. Let Y h = Y , Ob =Y 0b ...Y 1 . Then 9 h (v) = a° h (Y b v), for all v e V b . By 
definition, M£ = v h ~u x ~x x Jf r , n and v+u\x x = v h Q b (u^ h x\, h ) = Oh(x\,bU~^ h )v h , 
where these elements are defined just before Definition 3.23. Therefore, it is enough 
to prove that O b (v£u~£x\) = cr° b (Y b v^u^x x ) belongs to Al£ { ° b) . Using (2.24) we 
compute 

Y b v^u^x x = Y b v b Q b (u^ b x x . b ) 

= ®b( 0b ){ui {0b)Mob) x x{0b)Mob) )Y h v hl by Lemma 2.20, 

= Qb<o b )(MA (ob)! b( 0b ) a; A<o b >,b(o b >)«b <o! > ) Y b* ) by Corollary 2.15. 
Hence, using Lemma 3.18 there exists an integer c €E Z such that 

O b (v+u+x x ) = £ c v h{0b) e b (u+ {ob)Mob) x x{0b)Mob) )a 0b (YC) 

^ b(Ob) A(ob) ^ b ' 

Thus, 9b(v b u x x x ) € M^° b ^ . Moreover, this map is surjective because left multipli- 
cation by Y b , and hence by <r° b (Y^), is invertible by Lemma 2.28 and Lemma 2.25. 
As M b and M^° b ^ are both free and of the same rank the proof is complete. □ 
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Recall from Lemma 2.25 that z b is a central element of J%d,b, for b £ ^ p , n - 
Consequently, if A £ S^d,b then 

Zb ■ v b U \ X * = ( z bU^ h X X: b) ■ v h = (u X b x x .bZb) ■ Vb = (u^b x *,b) ■ v b 9b{zb) € M£. 
Therefore, left multiplication by z\> induces a homomorphism in End^. n (Al£). 
Definition 4.11. Suppose that b £ ^^n- Define maps $b and £b in ^ r ,p,n(b) &?/ 

^btm) = Ob(jn) and Cb(™) = ^b • to, 
/or to £ M^, and A <G ^d,b- 

Using this definition and Lemma 3.44 we obtain: 
Lemma 4.12. Suppose that h £ ^ v , n - Then £b * s central in S^ r „ n and 

.jJPb _ £ 5tio b n(p b -l)^ b 

As remarked in (4.9) above, S^d,b — Endj#? r?l (©^^ -^b) an d we view 
as a subalgebra of ^ p n (b) via this isomorphism. 

Theorem 4.13. As a K-algebra, J^ riPirl (b) is generated by ,5^d,b and the endomor- 
phism t?b- Moreover, if {xi \ i £ 1} is a K -basis of S^d.b then 

{ x^b \ i & I and < k < p b } 

is aK-basis of S^ rPtn {h). In particular, dim =5^,, n (b) = pbdimJ^b- 

Proof. This can be proved by repeating the argument of Theorem 4.2. □ 

4.3. Weyl modules, simple modules and Schur functors. This section lifts 
the problem of computing the p-splittable decomposition numbers of J^ jPj „ up to 
<5^r,p,n by constructing Weyl modules, simple modules for S? Tt p n . We then construct 
an analogue of the Schur functor to relate the categories of ^^n-modules and 
^T-,p,n-modules, via the category of ^-modules. 

The cyclotomic Schur algebra 5? r , n is a quasi-hereditary cellular algebra with 
basis { i^st | S £ 7o(A, fx), T £ 7o(A, v) for X,fi,v>£ 3P r ,n }, where 7o(A, r) is the 
set of semistandard X-tableaux of type r for r £ 2?r,n\ see [11, Definition 4.4 and 
Theorem 6.6]. In this paper we do not need the precise combinatorial definition of 
semistandard tableaux. For our purposes it is enough to know that if x = u+x T h £ 
M(t), and S £ %(X, fx) and T £ 7o(A, u), then 

VST (£) = (Wtost/i, 

where tost is a certain element of M(fx). 

For each A £ 3^ r . n there is a Weyl module A(A), which is a cell module for 
5? r%n . Let L(X) = A(A)/ rad A(A), where rad A(A) is the Jacobson radical of A(A). 
Then { L(X) \ X £ ^ r ,n } is a complete set of pairwise non-isomorphic irreducible 
J^„-modules. Further, if A, fi £ ^ ri „ then L(fi) is the simple head of A(/x) and 

(4.14) [A(A) : L{fi)] -- 

All of these facts are proved in [11, §6]. 




-18 



JUN HU AND ANDREW MATHAS 



Similarly, for b G ^, lT1 let At, (A) and Lb (A) be the Weyl modules and the 
irreducible modules of ^d,b, for A G &d,b- For 1 < t < p, A, v, fi G ^d,b t and 
S G 7o(A, /u), T e 7o(A, f), let c/5gy be the corresponding element of S^d,b given by 

VstC^i ® • • • ® x P ) = xi ® ■ ■ ■ ® x t -\ ® fsj(xt) ® »t+i (8 • • • (8 ar p . 

Lemma 4.15. Suppose that b € ^p^n, 1 < s < P and that S € 7o(A,/x), and 
T G 7o(A, v), where A, /i, f € ^d,& s - T/ien 

(.), = fe- 0bfe Wb¥4 S T +0b) , */s + o b <p, 
^ ST b \ £ -°^.^ b ^ T + ° b - p) , J / S + o b >p. 

where kx, v =^1^(1^1 -W {t) \)- 

Proof. We first note that b(ob) = b, so that the notations </4"r~ 0b ' ) ano - < / ? sT + ° b ^ 
make sense. As the map Lpsi is given by left multiplication by an element of J%d,b, 
the result follows from Lemma 4.3. (In the sequel we only need to know that the 
scalar £ _0bfcx '" above is equal to e° bk , for some k G Z, which is a consequence 
of Lemma 4.3. That k = k\^ can be determined using the definition of msj 
from [11].) □ 

Remark 4.16. Suppose that b G ^p,n and 1 < s,t < p and s = t (mod Ob), so 
that b s = bt- Just as in Remark 4.4, if we let ir' st be the algebra isomorphism 

y d:bs {s) = y d ,b t {t) S iven b y <Psr ^ e"° b ' £A ^sT' for S and T as above - Then 
coincides with Tr' st , where t = s + o b if s + o b < p; or t = s + Ob — p if s + o b > p- 

For each multipartition \x G &d,b the identity map </? M : A/ b (/x) — > 7\/ b (/x) be- 
longs to S^d.b- Then <y9 M is an idempotent in 5^d,b and X^e,^ d b W is the identity 
clement of ,5^d,b- If -M is a ^^-module then M has a weight space decomposition 

M = M m: where M tl = Mip tl . 

Recall from (2.27) that w b = (u> b W , • • • , w b [ p l) is the unique multipartition in 3?d,b 
such that fi > u; b for all /i G &d,h- By definition, ( / 9 UJb is the identity map on J%d.,h 
so that <Pu b S fi d,b<Pub — '^d,b- Hence, we have a Schur functor 
(4.17) F Ub : Mod-J^, b — >Mod-^, b ;M h> for M G Mod-J^,b- 

By [11, Corollary 6.14], the Weyl module A b (A) has a basis 
{ <PS I S G T (A, /x) for fi G ^ d , b } 

such that { <^s | S G 7o(A, /x) } is a basis for the /x-wcight space of A b (A). This 
implies that F a , b (Ab(A)) = St>(A), for all A G 3^d,b] sec [26, Proposition 2.17]. 
Hence, F Wb (Lb(A)) = L>b(A), for all A G J^d,b, since F Wb is exact. 

There is a unique semistandard A-tablcau T A of type A and ip T x is a "highest 
weight vector" in Ab(A). In particular, (p T x generates Ab(A). 

Lemma 4.18. Suppose that A G ^d,b, for b G ^ Pt n- Then 

^Cb = f\<fT* and <fT*K b = (S\) Pb <fT*- 
Proof. By [26, (2.18)], the Weyl module Ab(A) can be identified with a set of maps 
from ©^g^ b Mb(ft) to 5b (A) in such a way that ifj\ is identified with the natural 
projection map Mb (A) — > St, (A). Hence, v?~r A Cb = fx^T* by Proposition 3.4 and 
tp T x$l b = {Q\) Pb ip T x by Corollary 3.46 □ 
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By Theorem 4.13, the subspaces {S^d,b, $b-$^z,b, • ■ • , ('&b) Pb ~ 1 ^'d,b} define a 
Z/pb^-gradcd Clifford system for ^r,p,n(t>)- In particular, conjugation with $b 
defines an algebra automorphism of ^ )b - F° r any ^d,b- m odule M let M b be the 
•^d,b _m odule obtained by twisting the action of S^d.b by ^b- 

Lemma 4.19. Suppose that A £ ^d.b,- for b € ^> in . TTien 

A b (A)" b = A b (A(o b )) and L h (\) §b = L b (A(o b )) 

as S^d^h-modules. 

Proof. This follows directly from Lemma 4.15 and Remark 4.16. □ 

The following definitions mirror the constructions of the Specht modules and 
irreducible ^b-modules given by Definition 4.6. 

Definition 4.20. Suppose that A <G ^d,b, for b £ Define 

a a - A b (A) tS;r (b) and lX = MA) tS;r (b) ■ 

Let <x be the automorphism of ^ r ,p,n(b) which, using Theorem 4.13, is defined 
on generators by 

{x^fx = e k ° b x^, for all x £ y d , b and < k < p h . 

By definition, a restricts to the identity map on ,5^d,b- By Lemma 3.10 there is an 
isomorphism of J^ riP)n (b)-J^ !P> „(b)-biniodules, 

Pb 

(4.21) ^r, P) nO) ®^, b S?r, P M = (•/,,,,.„ (bVf , 

i=i 

such that the left ,5^ r ,p,n (b)-module structure on (<5 fi r ,p,n(b))' 7 is given by left mul- 
tiplication and the right action is twisted by a 3 . 

Recall that if A £ 3?d,b then Pb/x = Pb/px- Let S^d,x be the subalgebra of 
■^r.p.n generated by S^d,b and i?a = t9b b/A ■ Let Vt a be the image of ip T x in Lb(A). 
For 1 < i < px define 

^i,PX =C P^ II (^A-0A£° At )^,b^^A, 
l<t<p A 

Li Px = J] - 0A£° At )^i,b ^d,A- 

l<t<p A 

Then, by Lemma 4.15 and Lemma 4.18, A A px and L* px are ^ ^-submodules of 
A A and L A , respectively. Next, for 1 < i < px define 

A t P = A tpx t^T (b and L \p = L i. P x x% r d p x n[h) ■ 

As we will see (cf. Lemma 3.11), each Lf px is an irreducible S^d. x -module and each 
Lf p is a irreducible ^^^-module. 

Proposition 4.22. Suppose that A £ &d,b, for b £ ^p^ n , and let &x = {cr) Pb ' x . 
Then: 
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a ) if 1 < i < px then 

( A x \*a ~ A A / A A \*A ^ A A 

C^Px) * — i <+l,PA ("^p) A — ^i+l,p- 

b) A b (A)t^*;* = ®^i^t P x and L b(A)tSt - ®3£i £ &*- Moreover, there is 
a unique S^d,h-module isomorphism At, (A) — > A A pA ^5*'* suc ^ that 



l<t<px 



This latter map induces an isomorphism L b (A) — > L x px \.^f' x ■ 

c) A A = A x p © • • • © A A Ap and L x = L x p © • • • © L x x p as S? r tP>n -modules. 

d) A A = A A <° b > and L x = L A <° b > as Sf r ^ ^-modules. 

Proof. We only prove the results for the Weyl modules. The other cases can be 
proved using similar arguments or using the fact that twisting by a is an exact 
functor. 

By Lemma 4.19, we know that (A b (A))' 5 * = A b (A(o A )) = A b (A). Therefore, 

a a <°*> = A b (A( 0b ))tS;r (b) - A b (A)"nS' P b " (b) 

^(A b (A)t5 ;r (b) ) , ' b = (A A )^=A A . 

This proves (d). 



Arguing as in Theorem 3.48, it is easy to see that ip T x E A A p + • • • + A A 



PxW 



Hence, A A = A A p H + A px p . On the other hand, if 1 < % < px and / e -V^b 

then the isomorphisms in Remark 4.16, together with the fact that A(oa) = A, 
imply that (fijxf = if and only if (p T x ('$\f'®\ 1 ) ~ 0- It follows that the map 



<Pt*^<Pt*( II (^A-flA£° A *)) 



1<*<PA 

extends uniquely to a ^ ib -module surjection pi : A b (A) -» A A pA i^' , for 1 < i < 
px- In particular, dimA A p ^ < dimA b (A). By construction, however, dimA A = 
pxdimA b (A). Therefore, the maps pi, for 1 < i < px, are all isomorphisms. This 
proves (b), while (c) follows easily from the definitions and (b). 

It remains to prove part (a). Suppose that 1 < i < px- The definition of a 
implies that if / € J^ r)Pin (b) then ipjxf = if and only if Lpjxf crx = 0. Therefore, 
the map 

<PT* I] (^A-0A£° xt )/^^ II (^A-0A£° Vf )r A 

l<t<px l<t<Px 

is a well-defined ^ r;Pi „ (b)-module homomorphism from A x +1 onto (A A J ,) CT * . Sim- 
ilarly, one can prove that (A A px ) CTA = A A fl □ 

The proof of Proposition 4.22(a) yields the following. 
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Corollary 4.23. Suppose that A £ 3?d,b and that 1 < i < p\. Then, as a K -vector 
space 

A A p Si A b (A) A b (A)tf b © ■ • • © A b (A)0 b b/A_1 , 
Moreover, the action o/ J^ r)9j „(b) on A A p is uniquely determined by 

a) A*, &£ nW = A b (A) © Ab(A)^ 1 © • • • © A b (A)^ Pb/A ; 

b) (xi? b )i? b = for all x £ A b (A) and j, t £ Z; 

c) $a acts as the scalar Q\s l ° x on the highest weight vector of A b (A) ■=->• A A p . 
Analogous statements hold for the simple module Lf . 

Proof. By definition, 

A A p - A a Pa © A A px tf b © ••• © A^< b/ ^ X . 

As in the proof of Proposition 4.22, we can identify A A px with A b (A) using the 
isomorphism pi, for 1 < i < p\. Then the highest weight vector ipj\ of A b (A) 

corresponds to the vector <p T \ I Ili<t<PA ("$a — 0a£° a ') )■ This implies that i)\ ~ 

^b b/X ac ^ s as the scalar Qx£ lox on the highest weight vector of A b (A) A A p . All 
of the claims in the Corollary now follow. □ 

Corollary 4.24. Suppose that A,/x £ &d,b- 

2,p ' 



a ) If 1 < i < Pa i/ien L A p is i/ie simple head of A A 




<5y, ifX = fji, 
ifX^H. 

Proof. By (4.14) L b (A) is the simple head of A b (A) and 

[A b (A) : LM] = I !!^ A ' 
[0, ifA^/x. 

Hence, the result follows from Proposition 4.22 and Frobenius reciprocity. □ 

Recall that ^ b is the equivalence relation on &d,b such that A ^ b /j, if /j, = 
A(/co b ) for some k £ Z. 

Corollary 4.25. TTie algebra S^ r ^^ n {h) is split over K and 

{Ll p \\e&l h andl<i<p x ] 

is a complete set of pairwise non- isomorphic absolutely irreducible J^ r .p. n (b) -modules. 

Proof. Just as in the proof of Theorem 3.50, this follows from Corollary 4.24, Frobe- 
nius reciprocity and some general arguments in Clifford theory. □ 

Recall from (4.17) that the Schur functor F Ub : Mod-=5^,b — >Mod-J%?d,b is given 
by F<j b (M) = M ipu b , where ip Ub is the identity map on J%d,b- Using the embedding 
^d,b °-> =^r, P ,n(b), and the fact that u b = v b w+ b , it is easy to check that tp ulh 
corresponds to the natural projection from ©Ae 5^ b ^b on t° Vb = Af b b . hi 
particular, 

<£u; b <^r,p,n(b)</>uj b = ^d.b and i^J^bVW = J#d,b- 
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Hence, we have a second Schur functor F^l ■ Mod-J^ rj p )n (b) — > Mod-t^.b which is 
given by F^ b (M) = Mip Wb and if tp G Rom^ n{b) (M, N) then (p)(icpu b ) = 
for all x G M. It is straightforward to check that we have the following 
commutative diagram of functors: 

Mod-^ riPi „(b) — — > Mod-J^, b 



(4.26) Fgoj 



Mod-<T d b ■ ► Mod-JZd.b 



? I "d.b 



Lemma 4.27. Suppose that A € cmrf 1 < i < Pa- 27ien 

F^(A^)=^ and F«(L$,) - H' ' /AeJ ^ b < 

1 0, otherwise. 



Proof. This follow directly from (4.26) and Lemma 4.7. □ 

Corollary 4.28. Suppose that b £ A £ ^ b, A* G J£d b, 1 < * < Pa 
1 < i < p,*. Tften [A* p : LfJ = [S^ : DfJ = [& : D$\. 

Proof. This follows directly from Lemma 4.27 and Lemma 4.7 together with the 
easily checked fact that the functors F^l and Fg are exact. □ 

Therefore, in order to compute the decomposition number [S* : D^] it is enough 
to compute the decomposition number [A* p : ] for S^ r>p ^ n . 

4.4. Splittable decomposition numbers. In this section we derive explicit for- 
mulae for the /-splittable decomposition numbers of the algebras J^ r ,p,7i(b), and 
hence of ,Jifr,p,n by Corollary 4.28, in characteristic zero. These decomposition 
numbers depend explicitly on the decomposition numbers of certain Ariki-Koike 
algebras and on the scalars q\ introduced in Lemma 3.45. By Theorem 2.4 this 
will determine all of the decomposition numbers of J^f r ,p,n- 

Suppose that A and /j, arc multipartitions in ^d,b- We want to compute the de- 
composition numbers [A* p : L^ p ] for 1 < i < p\ and 1 < j < p^. By Corollary 4.23 
and the exactness of $b, if Pa = P/x then 

(4-29) [A£ p :L£ p ] = [A* +hp :Lf +hp }, 

where we read i + 1 and j + 1 modulo p\. Therefore, these decomposition numbers 
are determined by the decomposition numbers 

^Xfj, = [Ao, P : -kjtph 

for 1 < j < p^. In fact, as noted above, it is enough to compute the splittable 
decomposition numbers. That is, the such that p\ = p^, for A, fi G &d,h- 

Before we start to compute the decomposition numbers d^ 1 we introduce some 
new notation. If A is any finite dimensional algebra let ~R-(A) be the Grothcndicck 
group of finitely generated A-modulcs. If M is an A-modulc let [M] be the image 
of M in 1Z(A). In particular, note that the Grothcndicck group of 7Z(<y r , n ) is 
equipped with two distinguished bases: 

{ [A (A)] | A G 0>r,n } and { [L(X) | A G & r , n } . 
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Similar remarks apply to the Grothendieck groups of the cyclotomic Schur alge- 
bras S?d,b and y r ,p,n(b), for b G 

Fix integers / and m such that p = Im and suppose that /x G ^d.b, for some 
b G ^j,rt- Then a multipartition /it is /-symmetric if 

/x = v l := (u,...,u), 

l times 

for some multipartition v G ^ r /i,n/i- Note that if is an i-splittable decompo- 
sition number then A and /x are both /-symmetric multipartitions. 

Let b be the set of /-symmetric multipartitions in &d,b- It is easy to see that 

= { M I A* G ^d,b and o m |?ti } . 

If ^J b is non-empty then Ob|m and we define b m = (61, . . . , 6 TO ). If /x G b 
define fi m = (/xM, . . . , /xt m l). Then /x m G ^ a r /; i b m C & r n n n. It is easy to check 
that the map 1/ h-> 1/ defines a bijection from ^ r /; ; b m to <^J b , with the inverse 
map being given by /x 1— > fi m . 

We now return to our main task of computing splittable decomposition numbers. 
We will do this by deriving a system of equations which uniquely determine the 
decomposition numbers d^, for 1 < j < I = p\. 

For the rest of this subsection fix A G ^d,b and set m = o\ and I = p\. Then 
b m = {bi, ■ ■ ■ ,b m ) G ^ r /i^n/i and A m G & r /i.b m - By (4.9) the cyclotomic Schur 
algebras y r /i^ m and S^d,b are related by 

^ r /i,b m = 3>dM ® • • • ® ^d,b m and J^, b = {y r /Lb m )® 1 - 

For /it G ^d.b let d\ mlJ , m = [A bm (A TO ) : Lb m (lJ, m )] be the corresponding decompo- 
sition number for the cyclotomic Schur algebra ^ r /i,b m - Since 

A bm (A m ) £* A(A [1] ) ® • ■ ■ ® A(A [m] ) and L bm (fi m ) £* ® • • • ® L(/xI m l) 

we have that 

m 

(4-30) d WfB = niA(A W ) : L(/x [i] )] = d x ^ m . ..^ 1(1 w, 

i=l 

where = [A(A H ) : for 1 < i < m = o A . 

Recall that if /x G ^ d ,b then p b / M = Pb/Pn = o M /o b . If /x G ^J b is l- 
symmetric then divides m, so we define p^/x = p^/px- Then p^/x G N and 
Pp/a = o A /o M = Pb/x/Pb/v 

Lemma 4.31. Suppose that A G ^d.b? I = Px and m = o A . Then: 
a) [A bm (A ln )] = ^2 dx mVm [L hm (u m )}. 

c) // /x G ^ < b ifcen d« + dg> + • • • + d« = PM/AdJL^ ■ 

Proof. Part (a) is just a rephrasing of the definition of decomposition numbers 
combined with the bijection b ^> ^r/z.b m ! A* ^ Mm- Part (b) follows similarly. 
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Suppose that fx £ &d.h- We prove (c) by computing the decomposition multiplic- 
ity of L-b(fjL) on both sides of part (b) upon restriction to S^d,b- By Corollary 4.23, 

Kp^r (b) - Ab(A) ® a ^ x ^ ® ■■■ ® A b (A)"^ Pb/ \ 

Now, every composition factor of At, (A) is isomorphic to L^v), for some v € 
ZPd,bi and Lt,(i>)^ b = Lb(o b )( I/ ) by Lemma 4.19. Therefore, the decomposition 

\ ( b) 

multiplicity of £t>(/i) m A o,p^s% P b * s 

^[A b (A):L b (/x)]=^ /A 4 m ,^, 

Ph/n 

where the second equality follows from (4.30). 

Now consider the multiplicity of -Zjb(/-t) on the right hand side of (b). If v € 3?d,h 
and 1 < j < p u then, using Corollary 4.23 again, 

L lv ^S',r (b) - L b(A) © L h (\f* 1 © ■ ■ • © L h {\/» Pb '" . 

Therefore, [Lfply^^™^ ■ Lb(^)] = 1 by Lemma 4.19. Equating the multiplicity 
of Lb(A*) on both sides of (b) now gives (c). □ 

(j) 

Lemma 4.31 gives our first relation satisfied by the decomposition numbers d XfJ _- 
We now use formal characters to find more relations. Let K\S? r ^r\ be the if-vector 
space with basis { e M | /i e 3^ r ,n }■ The (K- valued) formal character of the S^d,\>- 
module M is 

chAf= (dimM M )e M , 

an element of K\@ ) r ^. The coefficients appearing in the formal characters are the 
traces of the identity maps on the weight spaces. We need a more general version 
of the formal character which records the traces of powers of "&\ on certain weight 
spaces, for 1 < t < I = p\. 

Fix an integer t with 1 < t < p\. Let l t = gcd(i, /) be the greatest common 
divisor of t and I and set £ t = l/h- By convention, we set Iq = I. Then r/£t = dmlt 
SO that K[^dml t ,n/e t ] = K[3*r/e u n/t t \- 

Now suppose that M is an y r . p . n (b)-module and that 7 = 7^ is an ^(-symmetric 
multipartition. We will show in Lemma 4.32 below that $ A stabilizes each £ t - 
symmetric weight space My t . With this in mind, we define the twining character 
of M to be 

chj. M = Y, Tr {A,M llt )e~< € K[& r/tt , n/tt ]. 

ye&> r /i t ,n/e t 

It is easy to see that, just like the usual character, the twining character lifts to 
a well-defined map chj :7^(e5^ r)Pi „(b)) — > K[j^ > r / e _ t n /( t ] on the Grothendieck group 

Of ^r,p,n(b). 

The following Lemma will allow us to compute the twining character chj. on both 
sides of Lemma 4.31(b). 

Lemma 4.32. Suppose that A S S?d.\> and 1 < t < I = p\. Then 
ch\A^ p = £ ' t > b/A ^chA bitm (A itrn ), 
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for 1 < i < p\. Moreover, if /x £ &l b and 1 < j < p M i/ien 



Proof. Wc only prove the formula for chj. Lj 1 and leave the almost identical cal- 
culation of chj. Aq to the reader. To ease the notation let m' = o M so that 
b m , = (bW , . . . , bl™'] ) and Mrn , = , • • • , M [m ' ] ) 6 ^r /jv ,b w ■ 
To determine chj. L^ p for each 7 £ ^r/^ t ,«/^t WG ncc d to compute 

Tr (# A) (L?,V t ) = Tr « Pb/ \(L^ t ) = Tr («^)^m, (L^ t ) 



7 * / * 

By Corollary 4.23 wc can identify L^ p with the if-vector space 

LbO) © LbWb © • ■ • © Lb(M)C /M ~ 1 > 
where the action of ^r,p,n(b) on is determined by 

a) i^i5;r (b) - l m © ibiM)"- 1 © • • • © L b (/x)^r Pb/,i , 

b) (x'&D'&i = xtf£ +c , for all x £ L h (fi) and a,c £ Z, 

c) t? m acts as the scalar e J ° M g M on the highest weight vector of Lb (/■*)• 

Note that PfJi/x = m/m! £ N, since /i, G b , and = d p *'* = Therefore, 

Tr«,(L£ p ) 7 , t ) = Tr(^ /A ,(i^J 7 , t ) =p b / M Tr «^,i b (/i)yO- 

To compute this trace first observe that if Tp t ^ is the highest weight vector of Lb(/-0 
then, by (c) above (which comes from Corollary 4.23), 

(4.33) ?v>0i = e jtm tfi'" x <p v .. 

Now, p = £4/4771 = ithPn/xTn' so we can identify the two modules L b (/x) an< i 
L bi m (Hi tm )®* 1 ■ Using Lemma 4.15, if 1 < j < pjl t then 

(4.34) 4t^a = e-' ntt i?i# +j) 

for some fc 6 Z, where we identity </?gy and ^st^ ^ 3 = ( m °dp)- Therefore, 
since <^ tM generates Lb(/j,), it follows from (4.33) and (4.34) that each simple p- 
tensor 

[3 = (x[ 1] ® • • • ® xj^) ® • • • (8 (a:^ 4 ' <g) • • • <g) x%£) 
in Lb(fj,)„t t is mapped by 7?^ = 7?^f M/A to a scalar multiple of 

(4 tm+1) © • • • © x| t t +1) ) © • • • © (4"" +£t) ® • • • ® irgf^), 

where we identity = xf whenever j = j' (mod it) for 1 < i < Z4771. Thus, 
to calculate Tr (#^, L b (/-*)) wc only need to consider the case when x\ 8 ' = xf m+s ' , 
for all 1 < i < Itm and all 1 < s < it- By construction, (tm) / (l t m) ^ (mod it), 
so this can only happen if 

x\ = x[ s , whenever 1 < i < l t m and 1 < s, s' < £4. 

Consequently, /3 contributes to the twining character only if /3 = /3 ® • • ■ ® f3 
(it times), for some j3 £ L bi m (/*j tm )- Notice that if /3 G Lb, tm (£t/ tI „) 7 , for some 
7 G ^rli t ,n/it then /3 G Lb(/i.) 7 * f . In particular, this shows that stabilizes 
-^b;. m (A*i tTO )7 as we claimed when introducing the twining character. 
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In (4.33) we have already shown that 1?^ acts as multiplication by e^ tm Q^ ,x 
on the highest weight vector of (/^ fm )®^' • On the other hand, by (4.34) and 
abusing the notation of Lemma 4.15 slightly if 1 < j < it then 

= e-^Hi{^ = #{(Sf et , 

where the last equality follows because mU t = p(t/h) is divisible by p. Therefore, 
writing /?®** = Tp^tp®**, for some <p £ S fi i tm ,bi m i we have that 

where the third equality uses (4.33). Consequently, 

Tr (#1, {Ll v ) iH ) = p b/ ^ tm C ,X dimL b;fm ( Mitm ) 7 . 

Summing over b gives the desired formula for chj. (Lf p ) and completes the 
proof. □ 



Corollary 4.35. Suppose that A,fi e ^dh> an d < t < / = p\, I' = p^. Then 
in K 



Pm/A^^wtJ "A m ,/x m - £ «A M + £ «A^ h£ A/x * 



Proof. If t = then the result is just Lemma 4.31(c). If t ^ 1 then combining 
Lemma 4.32 and Lemma 4.31(b) shows that 

chA bm (A m )^= £ £ e ^ d W^ZM^p chLbm(/Xm) ^. 

On the other hand, by Lemma 4.31(a), 

chA bm (A m )^= J2 ^t^d^bjMj*. 

As the characters {chLb m (i y m)} are linearly independent, comparing the coefficient 
of chib m (M m ) on both sides gives the result. □ 

Corollary 4.36. Suppose that I divides p, A,/j € SP\ b and that px = I = Pu- If 
< t < I then, in K , 

( »-) ^ m = + e^dZ + ..-+ e^d%. 



Qn 



We can now complete the proof of the main results of this paper. Recall from 
just before Theorem D in the introduction that we defined matrices V(l) and Vi(l), 
whenever I divides p and 1 < i < I. 

Theorem 4.37. Suppose that A,/x G £?d,b and p\ = I = p\, for 

Then, for 1 < j < p x , 



In particular, [Aq p : £j* p ] = if K is a field of characteristic zero. 
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Proof. By Corollary 4.36 the decomposition numbers , . . . , satisfy the ma- 
trix equation 



( C \ ( {tf«L» m \ 



V{1) 



Wax 



Hence, the theorem follows by Cramer's rule. 



□ 



Observe that the condition p\ = I = p^ says that the decomposition numbers 
[A? tp : L£ p ] are /-splittable, for 1 < i,j < I. Moreover, [A*, : Lf p ] = [Aq jP : Lf_ t J 
by (4.29). Hence, by Corollary 4.28 and Theorem 4.37 we have computed all of the 
Z-splittable decomposition numbers of t^-pn(b) and Jt? r , p , n - 

Corollary 4.38. Suppose that A £ <$^d,bj A* € ^d,b ; /f" some b £ ^, jn , and £/ia£ 
P\=Plx = I- Then, for 1 < i, j < p x , 



n i = dct^j-i(i) 

dety(0 



(mod char if). 



In particular, this establishes Theorem D from the introduction. Finally, we are 
able to prove Theorem A, our Main Theorem from the introduction. 

of Theorem A. By Theorem 2.4 the decomposition numbers of J4? r ,p,n are com- 
pletely determined by the /-splittable decomposition numbers of the Hecke algebras 
^s,l,mi where / divides p, 1 < s < r and 1 < m < n. Hence, Theorem A follows 
from Corollary 4.38. □ 

We remind the reader that the polynomials Q\, for A e ^.b, arc determined 
by Proposition 3.40 and Remark 3.41. Hence, this result explicitly determines the 
Z-splittablc decomposition numbers of J^p.n (and of J4? r ,p,n)- 

When K is a field of positive characteristic the results above only determine the 
Z-splittable decomposition numbers of =5^ rjPjn and Jf%- lPt n modulo the characteristic 
of if. 



Appendix A. Technical calculations for vh 

In Chapter 2 we omitted the proofs of Propositions 2.13 and 2.17 and Lemma 2.34 
because their proofs are long and uninspiring calculations. This appendix proves 
these three results. 

Al. Proof of Proposition 2.13. We start by proving Proposition 2.13, which 
gives several different expressions for the element Vh from Definition 2.12. 

We need the following fact which is generalisation of a fundamental result of 
Dipper and James [10, Lemma 3.10]. 

Lemma Al ( [12, Proposition 3.4])). Suppose that a, b, s andt are positive integers 



with 1 < a + b < n and 1 < s < t < p. Let v a 



r (s,t)rp r (t+l,S~l) 



Then 



(s,t) 



i u a,b 



(S,t)rp 

' J a,b J (i)i"a,t 



T (s,t) (s,t) T 

L 3 V a,b = V a,b L ti)™«,» 



for all i,j such that l<i,j<a + b and i =/= a, a + b. 

Recall from Section 2.1 that h(k) = (6fc+i, bk+2, • ■ • , 0fc+p) if b € ^ P , n and k £ Z, 
where we set 6;+ p = b% for 1 < i < p. 
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Lemma A2. Suppose that b £ ^p^ n and that 1 < j < s < p. Then 

n 4s +1 ^ +1 , bJ • n 4V • n <w 

j<k<s j<k<p 1 < i< J 

n r (i+i,fc) T -(3) m TT r (i) TT -(*) 

^X.bfc+i J tfc + i.bJ+i ■ L -l,b° j + 1 lb hi' b * 11 ^l,bf +1 11 S.b*- 1 ' 

j+l<fc<s l<i<j 3<k<p 3 

where all products are read from left to right with decreasing values of i and k. 



Proof. Let L(s) and i?(s), respectively, be the left and right hand side of the formula 
in the statement of the Lemma. We show that L(s) = R(s) by induction on s. To 
start the induction observe that, by our conventions, 



m = n 4 ■ n - m- 

j<k<p l^i<j 



Hence, the Lemma is true when s = j. If j < s < p then, by induction, 
L(s + 1) = ^X+i^+^.bJ^W = ^Jb^Ris) 

_ Aj,s) rp TT r (j+l,k)rp r {j) rp TT/-( i;) TT 

*>»+!, b« 11 ^l,6 fc+ i J &k+i,b* +1 -HbJ +1 J bJ +1 ,6jf ll^l,bf +1 ' llS.bf- 1 

j + l<fc<s l<i<3 j<k<p 1 



j+l<k<s 

Xw bJ +I .»j 11 \+l,b* 



j + l<fe<s l<i<J 



i+i<fc<p 

since T^f, commutes with £^ fe by Lemma 2.8 whenever a + b < k and 1 < i < p (we 
use this fact several times below). Therefore, using Lemma 2.11 and Lemma Al, 

,(b? 



L( S+ D=^ + T bs+1 ^ + T^ n 4sx +1 ,b ?+1 • n £ bt +M >? +1 

j + l<fc<s l<«<i 

HbJ +1 b !+i^ 11 Sj+l.bJ" 1 11 bj+l.bj" 1 
j+l<fe<s s+l<fe<p 

„ /-(j) „(i+i,*) TT A j+1 ' k ^T TT 

- A 'l,6 < , + i t 'fc, + i,b| +1 11 / -l,b k +ib k+u b^ +1 11 ^bj +1 + l,bf +1 
j+l<fc<s l<i<j 



• ,7,(^+1)™ TT /.(fc) TT r (fc) 

X '/. • ''• H& 11 S.+l.b"- 1 ' 11 L 'b° + l,b k - 1 

j + Kk<s 1 s+l<k<p 3 3 

/-(j) TT A j+1 ' k ^T TT 

bi +I +l,bi+i 11 H&fc+i ^ifc+LbJ+i ' 11 ^ 
j + l<fc<s l<i<J 

T TT TT 

^bj+i.ft^l.fej 11 S^+l,^" 1 ' 11 ^bj+l.b*- 1 



j+l<fc<s " J s+l<fc<p 

— TT r^i+htyrp TT rW 

11 ^l,6fc+i 1 6*+i>bJ +1 ' 11 L b s t;+l,b ! ' +1 
j+l<fc<a+l l<i<j ' 

y /.(«+i.p)„(i.j) TT r {k) TT 



3 }+i b*^,^ 11 bj+l.b^- 1 11 b • I I, 
j + Kk<s s+Kk<p 



R(s + 1), 
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where the two lines we have, in essence, reversed some of the previous steps. This 
completes the proof. □ 

We are now ready to prove Proposition 2.13. This result includes the definition 
of Vh as the special case j = 1. For the reader's convenience we restate the result. 

Proposition A3. Suppose that b £ ^ v , n and 1 < j < p. Then 



«*= n ^£ + T bk+1 , by n 4V n 4V n ^-At, 

j<k<p l<i<3 j<k<p 3 Ki<j 

where all products are read from left to right with decreasing values of i and k. 



Proof. We argue by induction on j. When j = 1 the Lemma is a restatement of 
Definition 2.12, so there is nothing to prove. Suppose now that 1 < j < p and that 
the formula in the Proposition holds. Then by induction and Lemma A2 (with 
s = p) , we see that 



«*= n ^£ +1 T bk+uhy n 4V n <v n t ^-A;L 

j+l<k<p l<i<j j<k<p Ki<j 

n ^T bk+i ^ +i . n 4k +1 • . n 4 fc v 



X 



j+l<k<s l<i<3 j<k<p 

n ^M-At, 

Ki<j 

n r U+i,k)r TT J 1 '^ TT r^> 

H&fe+l ^k+l.bj+i ' 11 ^bf +1 +l,b? +1 ' W b»? +1 ,&, ' 11 Sj + l.b*" 
j+l<fc<P l<i<j j+l<fe<p 

x n T hlbi _AttL 

Ki<j 



n r U + l.k) T TT -(i) TT Ak) 

L i.b k+1 ± b k+u b k j+1 ■ 11 L V j+1 +l,V! +1 ' 11 S.b*- 1 

l<fe<p 1<«<J j+l<fc<p 

n 

n ^ t L^ - n 4V n 4V n ^^sl 



j+l<fe<p l<i<j+l i+l<fc<p KKj'+l 

which is precisely the statement of the Proposition for j + 1. □ 

A2. Proof of Proposition 2.17. Proposition 2.17 is quite an important result 
because it implies the existence of the central element z b € J(?[d,b]. See the proof 
of Lemma 2.25. 

Proposition A4. Suppose that b £ ^ „ . TTien YpYp-i . . . F 2 Yi = v bTb- 
Proof. To prove the Lemma it is enough to show by induction on t that 

V V, - ^(b*-l) T /-(1.1) T ,/.(2) /.(t) TT /.(a) ^(b'r 1 ) T 

t<s<p 
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When t = 1 the right hand side of this equation is just Y\ so there is nothing to 
prove. Now suppose that 1 < t < p — 1. Then, by induction and Lemma 2.9, 

v v _ At+2,t+ P ) T r {i,t-i) T /.(1.1) T 



v r (2) r (t) TT /.(a) T {b\ L ) T {hi) rp 

x H&i • • • S.b*- 1 11 ^l.bj ' J h t ,b? +1 ■■• J fc 2: brf>i.b^ 

t<s<p 



~(t+2,t+p) T ^(b!) -(l^-l)™ /-(l,!)^ 

^l.&t+i ' 1 bt+iM 1 b t+1 .h p t+2 ' ^1,6* ^b^ 1 ' ■ ■ i -l,b 2 J fc2,b} 

(2) /•(*) TT /-(a) ^(br 1 ) ^(bj) 



X ^1,61 ■••S,b*- 1 11 ^'l.b* ' J fc t ,K +1 •■■ J h 2 ,bf J bi,bg 

t<s<p 



_ /.(*+2,p) „(l,i) r (l,t-l) T /.(1>1) T 

- ^lA+i ' %+i,b* ' ^1,6 4 ^fct.b*- 1 ' ■ ' ^l,b 2 2 i>2,bJ 

r (2) -(i) „(bi) ^(b'r 1 ) T (b}) 

X ^l,6i ' ■ ' S.b*" 1 ' 1 b t+1 ,b P +2 ' 1 b t ,b p t+1 ■ ■ ■ 1 b 2 ,b pl bi,b p 2 

Therefore, by Lemma Al we have 

v v - „( x '*) A t+2 ^ /•(!.*- 1)71 /•(!.!) 71 

r t+ i . . . n - u 6t+iib , ■ ^ bi+lib * +1 ■ ^i, fct r 6t)b t rl . . . L l b2 i b2M 
r (2) r (t) T (b*> ^(b'r 1 ) T <b}> 

X ^l,6i ■■" L l,b f 1 - 1 ' J 6 t+ i.b? +2 ' J 6t,b? +1 ■■■ 1 b 2 ^ 1 b 1 .b p 2 



Al,t) rp A1A) T A2) At+i) tt As) 

'~l,bt + ibt+iM ■ ■ ■ ^l,b 2 ± bs,b{ hh. ■ ■ ■ *-i ib t II ^i jb *+i. 

t+l<s<p 



xrf' 1 ., ■■•T blb p, 

completing the proof of our claim. Taking t = p in the claim completes the proof. 

□ 

A3. Proof of Lemma 2.34. In this section we prove Lemma 2.34 and hence 
complete the proofs of all of our main results. Recall from section 2.6 that is 
the i?-submodule of Jf? r ,n spanned by the elements 

{ T W L°^ . . . L^Si I < en, . . . , a m -i < r and w <G & m } . 

To prove Lemma 2.34 we need the following result. 

Lemma A5. Suppose that a, b, k and I are positive integers such that k < I < a 
and 1 < s < t < p. Then 



b+l d(t-s+l) 

^k ,1 ^Ta.b — T a ^b (j^b+k,b+l + h m ,eL m 



m=b+k e=l 

for some h m , e G %^ n . 

Proof. For the duration of this proof let Lk,i(Q) = Y[ m —k{^'m~ Q), for Q G R. Then 
^fcY' = IliLi I\u= s Lk.i(s u Qi)- By the right handed version of [28, Lemma 5.6], 

b+i 

Lk,i{Q)T a> b = T aj b\Lb+k,b+l{Q) + ^ h m L r 

ra—b+k 
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for some h m e H^- Therefore, there exist elements /i m ,j,t £ such that 

d t b+l 

£*k,i^ Ta,b = T a ,b Y J (Lb+k,b+l (s U Qi) + ^2 hvn,i,uLfn\ . 
i—1 u—s ra—b+k 

(s t) 

Collecting the terms in the product, we obtain C b ^_^ b+l , as the leading term, plus 
a linear combination of terms which are products of d(t — s + 1) elements, each 
of which is equal to either L b+ k,b+i(£ w Qi) or h m ^ tU L m , for some m,i,u as above. 
Expand the factors L b+ k,b+i{^ u Qi) into a sum of monomials in L b+ k, • ■ • , L b+ i and 
consider the resulting linear combination of products of these summands with the 
terms h m _i >u L m above. Fix one of these products of d(t — s + 1) terms, say X, 
and let m be maximal such that L m appears in X. By assumption the rightmost 
L m which appears in X cannot have both T m and T m —i to its right, so using 
Lemma 2.8 we can rewrite X as a linear combination of terms of the form hx^L^, 
where 1 < e < d(t — s + 1) and hx, e € H-m- Note that when we rewrite X in this 
form some of the L m i, with m' < to, are changed into L m when we move them 
to the right. However, T m never appears to the right of these newly created L m . 
The final exponent of L m is at most d(t — s + 1) because no factor can increase the 
exponent of L m by more than one. The result follows. □ 

Lemma A6. Suppose that b £ ^p, n - Then 

p-l b[ +1 d l 

< = T » (tSUALn ■ ■ ■ <p + , n + E E E ws.) 

1=1 m=hl+l e=l 

for some hi, m ,e G 

Proof. Recall that v+ = C^^^-iC^T^^-, ... C^T b2>b{ . To prove 

the lemma let u+ p = 1 and set u+ fc = ^H^^li^+i.bt' for 1 < /c < p. We 
claim that if 1 < k < p then 

p-l b^ 1 d i 

l, b : fc = T (6p,...,6 fc+ i,b?)( £ bP-i + ) 1 , b P • • • • C bf+i ) b»'+ 1 + E E 'YsKm^m), 

l=k m =b 1 , + l e=l 

for some ft. G ^m- When k — p there is nothing to prove, so we may assume 
that 1 < k < p and, by induction, that the claim is true for k+1 . Therefore, by 
Lemma A5, 

p-l b^ 1 d l 

,,+ _ T ( r {l,p-l) M,k+1) ST X^h> T e \ 

v b,k- 1 (b p ,...,b k+2 ,b k ;+ 1 ){ L ' b P-i + ub P-- " L bJ+ 1 + l,b^+ 2 + 2^ 2^ n l,m,e^m) 

l=k+l m =hl+l e=l 

bf +1 dfe 

X r &*+i,bJ ( £ b J + i ib J + i + E E /l ™^ L m) 1 

m=bj + l e=l 

for some h\_ me ,h!! me £ T~Lm- Now, by Lemma 2.8, T bk+ih k commutes with L m 
whenever to > b^ +1 . Moreover, if to > b^ +1 then 

K,m,eLmT bk+1}b k = h' lme T bk+i b fc Lf n = T bk+ib kh" me L e m , 
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where h l,m,e = T b^ +u b1 h 'l,m,e T b k+ uH- lt ' 1S 6aS y t0 check that h l,m,e G U m- Next 

note that T {bp i ... i6fc+2ib j+i ) T 6(i+1 ib} = T (6pi ... )6fe+i)b?) . Therefore, »+ fc is equal to 

V h,k= T (b p ,...,b k+1 ,b>[) (^bP-l+i^P ' ' ' £ bj+^+l,b^+ 2 + E EE h "-m,e Le m ) 

b? +1 dfe 

x (^ft?!^^ 1 + E E h 'Le L l) ■ 

m=bj i + l e=l 

To complete the proof of the claim observe that 

r (l,p-i) r (l,k+l) _ r (i) r (k+i) r (k+2) Ap-i) 

bf-'+l.bf ' ' • ^b^ + ^l.b^ 2 ~ ^bf +1 +l,n ' • ' b^ + 1 + l,ri b*+ 2 + l,n ' ' ' ^bf-^l.n' 

Therefore, when we write this clement as a polynomial in L b k+i +i , . . . , L n , the 

exponent of L m is at most dl if h[ < m < h 1 ^ 1 for some k + l<l<p — 1. Using 
this observation it is now a straightforward exercise to expand the formula for k 
above and show that k can be written in the required form, thus completing the 
proof of the claim. 

Returning to the proof of the lemma, observe that = 1 and that the 
statement of the lemma is the special case of the claim above when k = 1 (and 
setting k — in the last displayed equation). □ 



References 

[1] S. Ariki, On the semi-simplicity of the Heche algebra of (Z/rZ)l& n , J. Algebra, 169 (1994), 
216-225. [Pago 22.) 

[2] , Representation theory of a Hecke algebra of G(r,p,n), J. Algebra, 177 (1995), 164— 

185. [Page 10.] 

[3] , On the decomposition numbers of the Hecke algebra of G(m,l,n), J. Math. Kyoto 

Univ., 36 (1996), 789-808. [Pago 2.] 
[4] S. Ariki and K. Koike, A Hecke algebra of (Z/rZ) ( 6 n and construction of its irreducible 

representations, Adv. Math., 106 (1994), 216-243. [Pages 10 and 32.] 
[5] D. J. Benson, Representations and cohomology, Cambridge studies in advanced mathematics, 

30, CUP, 1991. [Pages 15 and 44.] 

[6] M. Broue and G. Malle, Zyklotomische Heckealgebren, Asterisque, 212 (1993), 119-189. 

[Page 1.] 

[7] M. Broue, G. Malle, and R. Rouquier, Complex reflection groups, braid groups, Hecke 
algebras, J. Reine Angew. Math., 500 (1998), 127-190. [Pago 1.] 

[8] M. Chlouveraki and N. JACON, Schur elements for the Ariki-Koike algebras and applica- 
tions, (preprint). arXivll05.59. [Page 24.] 

[9] C. W. Curtis and I. Reiner, Methods of Representation Theory, Vols. I and II, John Wiley, 

New York, 1987. [Pages 26 and 41.] 

[10] R. Dipper and G. James, Representations of Hecke algebras of type B n , J. Algebra, 146 

(1992), 454-481. [Pago 57.] 

[11] R. Dipper, G. James, and A. Mathas, Cyclotomic q-Schur algebras, Math. Z., 229 (1999), 

385-416. [Pages 3, 4, 5, 16, 21, 22, 33, 45, 46, 47, and 48.] 

[12] R. Dipper and A. Mathas, Morita equivalences of Ariki-Koike algebras, Math. Zeit., 240 

(2002), 579-610. [Pages 3, 9, 15, 22, and 57.] 

[13] J. Du and H. Rui, Ariki-Koike algebras with semisimple bottoms, Math. Z., 234 (2000), 
807-830. [Pago 16.] 

[14] , Specht modules for Ariki-Koike algebras, Comm. Alg., 29 (2001), 4710-4719. [Pages 

29 and 33.] 

[15] D. Eisenbud, Commutative algebra, Graduate Texts in Mathematics, 150, Springer- Verlag, 
New York, 1995. With a view toward algebraic geometry. [Page 35.] 



DECOMPOSITION NUMBERS FOR HECKE ALGEBRAS OF TYPE G{r,p,n) 



63 



[16] M. Geck and G. Pfeiffer, Characters of finite Coxeter groups and Iwahori-Hecke algebras, 

Oxford University Press, New York, 2000. [Pago 23.] 
[17] G. Genet, On decomposition matrices for graded algebras, J. Algebra, 274 (2004), 523-542. 

[Page 25.] 

[18] G. Genet and N. JACON, Modular representations of cyclotomic Heche algebras of type 

G{r,p,n), Int. Math. Res. Not., (2006), Art. ID 93049, 18. [Pago 26.] 
[19] V. GlNZBURG, N. Guay, E. Opdam, and R. ROUQUIER, On the category O for rational 

Cherednik algebras, Invent. Math., 154 (2003), 617-651. [Pago 2.] 
[20] J. J. Graham and G. I. Lehrer, Cellular algebras, Invent. Math., 123 (1996), 1-34. [Pages 

21 and 22.] 

[21] J. Hu, A Morita equivalence theorem for Hecke algebra J^'q(Dn) when n is even, Manuscripta 

Math., 108 (2002), 409-430. [Pago 42.] 
[22] , Modular representations of Hecke algebras of type G(p,p,n), J. Algebra, 274 (2004), 

446-490. [Pages 14 and 41.] 

[23] , The number of simple modules for the Hecke algebras of type G(r,p,n), J. Algebra, 

321 (2009), 3375-3396. With an appendix by Xiaoyi Cui. [Pago 25.] 
[24] , On the decomposition numbers of the Hecke algebra of type D n when n is even, J. 

Algebra, 321 (2009), 1016-1038. [Pages 2, 42, and 46.] 
[25] J. Hu and A. Mathas, Morita equivalences of cyclotomic Hecke algebras of type G(r,p,n), 

J. Reine. Angew Math., 628 (2009), 169-194. [Pages 2, 4, 7, 8, 9, 11, 12, 14, 15, 22, 27, and 42.] 
[26] G. D. James and A. MATHAS, The Jantzen sum formula for cyclotomic q-Schur algebras, 

Trans. Amer. Math. Soc., 352 (2000), 5381-5404. [Pages 32, 33, and 48.] 
[27] G. Malle and A. Mathas, Symmetric cyclotomic Hecke algebras, J. Algebra, 205 (1998), 

275-293. [Pago 17.] 

[28] A. MATHAS, Matrix units and generic degrees for the Ariki-Koike algebras, J. Algebra, 281 

(2004), 695-730. [Pages 3, 23, 33, and 60.] 

Department of Mathematics, Beijing Institute of Technology, Beijing, 100081, China 
E-mail address: junhu303Syahoo.com.cn 

School of Mathematics and Statistics F07, University of Sydney, NSW 2006, Aus- 
tralia 

E-mail address : a . mathasOusyd . edu . au 



